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Abstract

We survey general results on the boundedness of pseudodifferential operators in LP(R™). We mainly
consider operators with nonregular symbols which are general versions of Hormander’s class 52?5. We
treat the theory in a rather classic and elementary manner.

To appear in Cubo Matemdtica Educacional

Résumé

On rappelle des résultats généraux sur la continuité des opérateurs pseudo-différentiels dans LP(R™),
surtout les opérateurs aux symboles non-réguliers qui généralisent la classe de Hormander SIT&. La pré-
sentation est classique et élémentaire.
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1 Introduction

The theory of pseudodifferential operators was born in the early 1960’s and, thereafter, it evolved with the theory of
partial differential equations. Therefore, many topics in these two theories are closely related, like the hypoellipticity
of operators, the sharp form of Garding’s inequality, the parametrix of operators, and so on. In the theory of
pseudodifferential operators, one of the most interesting topics is to investigate the behavior of pseudodifferential
operators of Hérmander’s class, S}, in L? (R™) and Sobolev spaces. The behavior of operators in LP(R™) spaces
plays an essential role in the theory of linear and nonlinear partial differential equations. In the present paper, we
consider operators with nonregular symbols which are generalizations of Hérmander’s class S7s.

We treat the theory of pseudodifferential operators in a rather classic manner, dealing mainly with their behavior in
LP(R™) spaces. We present very elementary results and methods for the proof of the boundedness of pseudodifferential
operators in LP(R™). We note that the results presented here may not be the best possible ones.

We do not treat symbols of the form p(x, &, y). In the case of smooth symbols there is no difference between the
cases p(z, &) and p(x, &, y). However, if we consider nonsmooth symbols, the behavior of the operators p(X, D,.) and
p(X,D,,Y) in LP(R™) may be slightly different. For example, when the symbol is of the form p(z, £, y), Hormander’s
Theorem 3.1 in Section 3 is a little different (see [9]). Recently, many authors (see, for example [12], [7]) have treated
operators with symbols p(x, £, y) by using modulation spaces or Besov spaces.

In Section 2, we recall fundamental results on the algebra and the asymptotic expansion formulas of symbols of
pseudodifferential operators. In Section 3, we treat L?(R"™) boundedness. In Section 4, we list well-known fundamental
results on the behavior of pseudodifferential operators in LP(R™) spaces. However, the purpose of this section is to
present boundedness results for operators with symbols whose order is, in some sense, lower than the critical order
in LP(R™) spaces. In Section 5, we give a boundedness theorem from L>(R™) to BMO. For the case p = 1 the main
results of the present paper on the LP(R™) boundedness of pseudodifferential operators are given in Section 6. In the
last two sections, Sections 7 and 8, we consider symbols which may be useful when considering classes of pseudo (or
partial) differential operators with magnetic potentials. The results in Sections 7 and 8 can be found in [14].

2 Fundamental properties of pseudodifferential operators
We use the notation found in [10]. Moreover we use a lot of constants C' which are not the same at each occasion. For

a point € R” we write |z| = /27 +--- + 22 and (v) = /1 + 27 +--- + 22. For a multi-integer o = (vy, ..., qy),
we denote

||
0y = 9ot 0m = 9
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where |a| = a1 + -+ - + ap, and we write D, = (—i)9,.. Hence
la la|
1 d
De=D%...Do = (2] S
o = Dy by () o1 0n

For a function f(z,€) on Ry x R and multi-integers a and 8 we write

15 (@, &) = 92 DY f(a,€).
We begin with the definition of symbols of Hérmander’s class Ss.

Definition 2.1. The set of smooth functions p(x,&) on R,"™ x Re™ which satisfy

|pég; ($75)| < C’aﬁ@)m*p\awé\m

for any a and (3 is denoted by S7's.
For a function p(z,§) in S)'s, we define the pseudodifferential operator p(X,D.) by
1 .
— iz-§ 1
p(X.DoJule) = i [ e i) de,
where 4(€) denotes the Fourier transform of the function u(x), that is,
1 .
- - - —ix-&
w(§) = )2 /Rn e u(x) dx.

Hereafter, we denote integrals / u(x) dx taken over R™ simply by / u(x) de.

n

In the present paper, we mainly treat the case § < 1. A very interesting study by David and Journé [4] considers
pseudodifferential operators in LP(R™) for the case § = p = 1.
Norms in LP(R"™) are

full = | [ 1uta)p o " dzpe)

and
[|u]loo = esssup{|u(x)| : z € R"} (p = ).

In order to define a new class of symbols we need to define basic weight functions.
Definition 2.2. A real valued smooth function, \(x, &), which satisfies the two conditions:

(i) There exists a constant 0 < o <1 such that 1 < A(z,&) < C(x)?(§).
(ii) There exists a constant 0 < § < 1 such that, for any multi-indices o and 3, we have
A3 (2, 6)] < CapA(x, &)1 101
for some constant C, g,

is called a basic weight function.

Of course, the function (£) is a typical basic weight function. The function A(z,£) = /1 + |z|? + [£]? is also a
typical example of a basic weight function (see [1]). This A(x, &) can be used, for example, when we consider various
harmonic oscillator problems. In [1], Boggiatto and Rodino consider a weight function A(x, &) which satisfies

c{6)” < A, §).

Here, however, we assume that

1< A(=,¢)
for applications to quantized Hamiltonians problems with magnetic vector potentials.
Let a(z) = (a1(z),a2(z),...,an(x)) be an R™ valued function on R" such that |0%a;(z)| are bounded for any
a#0and j=1,...,n. In Sections 7 and 8, we shall use a basic weight function of the form

Az, &) = (z —a(z)) = V1+[§ —a(x).

A simple calculation gives the following lemma.



Lemma 2.1. Let A\(z,&) be a basic weight function. Then we have

Az, €& +n) < C{n)A(z,§).

Definition 2.3. Let A(z,&) be a basic weight function and let m, p and § be real numbers such that 0 < 0 < p <1
and 6 < 1. Then the symbol class Syl a s defined by

s = {p(@,€) 1 [p(5) (@, )] < Ca g\, O™ A1 for any o and B}

We denote 5% = U,,er Spisa- For a symbol p(z,§) € 555, we define the pseudodifferential operator P =
p(X,D,) as above and write p(X, D,) € S5% s If the symbol p(m €) belongs to S}’ | we write p(X, D;) € S7's ;.
The class S5 , forms an algebra in the followmg sense.

Theorem 2.1. Let A(x,&) be a basic weight function and let 0 < d < p <1 andd < 1.
(a) If p;(X,Dy) € Spé/\ (j = 1,2), then p1(X, D) + P2(X, D) € 57 \, where m = max{m1,ma}.
(b) If pj(X,Dy) € Sp s (J=1,2), then there exists a symbol p(z,§) € ngjm2 such that

p(X7 Da:)u(x) :pl(X7 DI)pQ(X,Dw)u(J;) (u € S)’

and p(x,&) has the following asymptotic expansion:

2,6) ~ > pil(e,8),
k=0

where

1 mi-+mso— § k
k@,6) = Y~V @, Epaay (@) € Spuim )
la|=k

(c) If p(X, Dy) € S . then there exists a symbol p*(x,&) € S5 | such that
(p(X, Dz)u, v) = (u, p*(X,Dg)v) (u, v €S),

and p*(x,€) has the following asymptotic expansion:

O~ ple.©),
k=0

where

wieg) = 3 O fEwe e spypmot

la|=k

3 Fundamental boundedness results in L?(RR)

We denote the set of bounded linear operators on a Banach space E by £(F). In [3], Hérmander gives an interesting
result about the L?(R") and LP(R") boundedness of pseudodifferential operators. We start with L?(R") boundedness
results.

Theorem 3.1. Let 0 < p<1and0<§<1. Then
2 n . n
ST € L(L*(R™)) = mgmozmln{O,i(p—d)].

Hormander shows that the converse is true if 0 < ¢ < p < 1. Moreover by Calderén and Vaillancourt [2], we have

Theorem 3.2 (Calderén and Vaillancourt). Let 0 < 6 < 1 and 0 < p < 1. Then the converse of Theorem 3.1
is true, that is, the inclusion S}y C L(L*(R™)) holds.

The Calderén—Vaillancourt Theorem is generalized to the case of nonregular symbols.



Theorem 3.3 (See, for example, [3]). Let 0 <6 <p<1andd < 1. Weput k= [n/2]+ 1. If a symbol p(z,§)
satisfies

|PE§§($,§)‘ < C’aﬂ<§>*p\a|+6\ﬁ|

for any |a| < Kk and |B| < K, then the operator p(X, D,) is bounded in L?>(R™), that is, there is a constant C such
that
(X, Da)ullz < Cllullz.

In particular, in the case § = p = 0, if a bounded symbol p(x,§) is such that |pgg§ (x,8)| is bounded for any |a| < K
and |B| < k, then the operator p(X, D) is bounded in L?(R™).

In the present paper, our starting point for the L?(R™) boundedness is Theorem 3.3. Then we have the following
theorem.

Theorem 3.4. Let A(x,&) be a basic weight function and assume that 0 < § < p < 1 and 6 < 1. If the symbol
p(x,€) € S;(‘;A for a positive o, then the operator p(X, D,) is L*(R™) bounded, that is, there is a constant C such
that

[p(X, Dz )ull2 < Cllull2

holds for any u € S.

Proof. If o is greater than n, then, by Theorem 3.3, the operator p(X, D,) is L?(R™) bounded, because ‘pgg; (z,€)

are bounded when |a| <  and |3 < &, where £ = [n/2] 4 1. If the symbol p(z,£) belongs to S 7, for o > n/2,
then, by Theorem 2.1, we have

Ip(X, Dy)ulle® = (p(X, Da)u, p(X, Dy)u)
= (u, p*(X, D,)p(X, D,)u)
= (u, p(X, Dg)u),
where p*(z,£) € 5,7, and p(z,§) € S;g;. Since 20 > n, we have already seen that the operator p(X, D) is L*(R")
bounded. So by Schwarz’ inequality and the boundedness we have
Ip(X, Da)ull2® = (u, H(X, Dy)u)
< JJull2)p(X, De)ull2
< C?lull2

for any u € S. Hence we get the boundedness of the operator p(X, D;) with symbol p(z,£) € S/ 7, (o > n/2).

Boundedness can be proved in a similar way when the symbol p(z,§) belongs to S, 7 for o > n/4. Repeating this
procedure we can prove the theorem for any positive o. O

Theorem 3.5. Let A(xz,&) be a basic weight function and 0 < § < p < 1. If the symbol p(x,&) € 52_’5)\, then the
operator p(X, D) is L?(R™) bounded.

Proof. Putting
plo = sup{|p(z,¢)| : (,§) € R" x R"}

q(z,€) = /2plo — Ip(x, )P,

and

we can see that ¢(z,§) € 52757/\. We have

0 < [lg(X, Dy )ul|* = (q(X, Dy )u, q(X, Dy)u)
= (u, ¢ (X, Dy)q(X, Dﬁ)u)

By the expansion formula, we can see that the symbol of the operator ¢*(X, D,) can be written in the form
¢ (z,&) = q(@,8) + q1(z,€) == 4z, €) + q1(z, )

where ¢ (z,€) € S;g’p)\_é) and we write g(z, ) for ¢(z,£). Hence we have

q"(X,D;)q(X,D,)

) a:)Q(Xa Dw) + ¢ (X7 Dw)q(Xv Da:)

q(X,D
(X7DI) +QQ(X7D1)7

I
L=



where (x,€) = |q(z,€)[? and ga(x,€) € S, Y57, So we can write
0 < (u, G(X,Dy)u+ q2(X, Dy)u).
Setting (. £) = |p(x, €)[2, we have
Ip(X, Dy)ull3 = (p(X, Da)u, p(X, Dy)u) = (u, p*(X, Dy)p(X, Dy)u)
= (u, p(X, Dz)u) + (u, p1(X, Dy)u),

where p;(x,€) € S;gpgé). Moreover, since

i(X, Dy) = 2|plo” — p(X, Dy),
we have

0 < (u, 2[plgu — H(X, Dy)u + g2(X, Dy)u)
< 2[pfgllull3 — Ip(X, Do )ull3 + (u, pr(X, Da)u) + (u, g2(X, Dy)u).
Thus we have
Ip(X. Do )ull3 < 2[p[gllulls + (v, p1(X, Do)u) + (u, g2(X, Dy)u).
Since p — & > 0, by Theorem 3.4 we have

|(u, p1(X, Da)u)| < [lull2llpy (X, Da)ullz < Cllul3,
[(u, 42(X, Do)u)| < Jlull2lla2(X, Do)ullz < Cllull3.

Combining these inequalities, we finally obtain

Ip(X, Do )ull3 < Cllull3. O

4 L? boundedness of pseudodifferential operators with lower order sym-
bols

In this section, we treat the case of the basic weight function \(z,£) = (£). So the symbols p(z, ) may belong to
s or to the generalized (nonregular) class of S;i;. In particular, the case p =1, § < 1 is important when we study
the general boundedness in LP(R"™) in relation to the class of Calder6n—-Zygmund operators (see [3]). We begin with
results by Hormander [¢] and Fefferman [5].
For general 1 < p < co we have the following theorem.

Theorem 4.1 (Hormander [8]). Let 0 < d < p <1 and § < 1. Then

. 11

Therefore we may consider that the order my, defined by

1 1
-

5 1)

is the critical decreasing order for the LP(R™) boundedness of pseudodifferential operators of Hérmander’s class P e
It is known that, for p = 1 and p = oo, the converse to Héormander’s theorem does not hold. For 1 < p < oo, C.
Fefferman proved the connverse of Hérmander’s theorem.

Theorem 4.2 (C. Fefferman [5]). Let 1 <p<00,0<d<p<1andd <1 andset m,=n(l—p) ‘% - %‘ Then
S;;np C L(LP(R™)).

On the boundedness of pseudodifferential operators, it is easy to treat operators with lower order symbols. Here
“lower order” means that the decreasing order of the symbol at |z| — oo is greater than m, in some sense. We begin
with a very elementary boundedness lemma.



Lemma 4.1. Let the symbol p(x, &) have support in {(z,£) : |{| < R} for some R > 0, and suppose that

P (2,€)] < Ca (2)
for |a] < k = [n/2] + 1. Then the operator p(X, D,) is bounded in LP(R™) for 2 < p < oco. If the symbol is
independent of the space variable x, that is, p(z,&) = p(§), then the operator p(X, D,) = p(D,) is bounded in LP(R™)
for 1 < p < oo. Moreover, if inequality (2) holds for |a| < n+ 1, then the operator p(X, D,,) is bounded in LP(R™)
for 1 <p < oo.

Proof. For any u € § we can write

p(X /waf* (y) dy.

where

K(e.2) = s [ 4ol de.

If the symbol p(z, £) satisfies inequality (2) for « with |«| < &, then by Plancherel’s equality we have

/| ”sz|2dZ*an/|szz|2dz

la|<k

= 3 e [P e

la|<k
<cC?

Therefore we have

2

Ip(X, DaJull2 < /\/mm Yu(y)| dy| de

< ([ iy [ 1K Py
N //<”“" - y>_2”'“<y>|2dy/<z>2“lK<x,z)\2dzdx
<02//f'3— )2 u(y) [ dy da

= C?|ull3.

This means that the operator p(X, D, ) is L? bounded. Moreover, we have

(X, Do )u(e)] < / K (2,2 — )| uy)] dy
< / K (2, 2)] d Jull

< [ Jer= dz} v [ JCRLESRE e

Hence, the operator p(X, D) is L* bounded. So, by the Riesz—Thorin interpolation theorem, the operator p(X, D,)
is LP(R™) bounded for 2 < p < cc.
If the symbol is independent of the space variable x, we have

/Ka:— y) dy,

where




Hence, changing the order of the integration, the L!(R") norm of p(D,) is

/Ip |d:z:</ (& — p)uiy)| dyda
SL/K@W%[/m@dﬂ_

As for the case of L°(R™) boundedness, we can prove that

/|K(z)| dz < C

by Plancherel’s formula. Hence we have
Ip(Da)ully < Cllulls.

Thus, by the Riesz-Thorin Theorem we have LP(R™) boundedness for 1 < p < co.
If the symbol p(x, §) satisfies inequality (2) for a with |a| < n 4+ 1, then for any |a| < n+ 1 we have

2K (2, 2)| = @1’/zﬁ(®x5d4

(@) d§<C’

So, we have

K (x, 2)| <

G

Therefore

Ip(X, Doyl < //mxw— u(y)| dy dz

< [y dsdy

< Cllully-
Thus, the operator p(X, D,) is bounded on L'(R"). So the operator p(X, D,) is LP(R") bounded for 1 < p <2. O

Remark 4.1. As we have seen in the proof of the Lemma 4.1, when we estimate the L (R™) norm we need to
estimate the integral of the integral kernel K (x, z) with respect to z. On the other hand when we estimate the L*(R™)
norm, we have to estimate the kernel K (x, z) itself, except for the case where it is independent of the variable x. This
is why we often have to change the assumptions when we treat the LP(R™) boundedness for 1 <p <2 or 2 < p < oo.

Theorem 4.3. Let 0 < p <1 and 0 < o < 1, and suppose that the symbol p(x,§) satisfies
1P (2, )| < Cw((€)=7)(€)~(/D0=p)=pla]

for any |a| < k =[n/2] + 1, where w(t) is a nonnegative and nondecreasing function on [0,00) which satisfies

/Olw(t)th<oo. 3)

4
Then the operator p(X, D,.) is L?(R™) bounded, that is, there is a constant C such that
(X, Dy )ullz < Cllully - for any u e S.

Proof. By Lemma 4.1, we may assume that the support of the symbol p(z, &) is contained in {(z,§) : || > 4}. We
take a nonnegative and smooth function f(¢) on R such that

00 2
/0 @dtzl, suppfc[;,l}.

[
0 t

Then for any £ # 0 we have



Hence we can write

1
p(X, Dy)u(x 271- 7 /ezz Ep(m, ©)a(€) de

oo

S fﬁ/1“< SNCHIRIGE

- 1§ Oy ,
%npA [ Sl piehane) de

where v (x) = f(t|D;|)u(z), that is, 0:(€) = f(t|€])a(€). Noting that the support of p(x, &) is contained in {£ : |¢] >

4}, we can write
P Do) = s [ v [ ([ 5pte, 10D de ) ity a

1/4 4
:/ ;dt/Kt(%z)vt(x—tz) dz,
0

Ko = g [0 (3 €) st

Now we split the integral in two parts:

[}

where

1/4
p(X, Dy)u(x) = / 1dt/ Ki(z,z)v(x — tz) dz
|z[<tr—t

o ¢t

1/4 4
+ / - dt/ Ki(z, 2)vi(x — tz)dz
o b Sz
= A(x) + B(x).

Then by Schwarz’ inequality we have

|A(2)|* < 1/4¥dt lvg(z — t2)[* dz
> 0 t1—n(1—p) 2|<to-1 t

X 7dt/ Ki(x,2)|?dz]| .
/0 tl+n(1-p) <ot ‘ t )‘

From the Plancherel formula and the assumption on p(x, ) we have

i = g [l (o )w

o —n(1-—p)
<c w<|5| ) (Ifl) "
{1/2<¢<1} =7 t

< Cw((2t)7)2n 0,

Ju@r e (e — t2)
T dwﬁ/ / 7dt/ ve(x —tz)|* dz
0 t1—n(1-p) 2| <te—1 ¢
1/4 1 ,
X /0 t1+n(lp)dt/|zlgtp_1 |Kt(x,Z)| dz| dx

1/4 a\2
0

t

1/4 1 ,
X 7dt/ ve(x —tz)|*dz| dx.
/ A tl—n(1-p) 2|<to-t | t( )|

Thus, we have



Therefore, from the assumption on w(t) we have

1/4
/|A(x)|2dx§0/ V Mﬁdt/ |vt(x—tz)|2dz] dx
0 |z|<tp—1
1/4 1 ,
< C’/ An(i=p) dt/<tp1 [/|vt(x—tz)| dac} dz
1/4 1
/ 7dt/|vf )|? da.

/OOC1dt/|vt(x)|2da::/ooo1dt/|v}(§)|2d§
172 ] e ae

= [Jull3,

Then, since

we have
[ 1A@P dx < clul

In order to estimate the L? norm of the term B(z), for |a| = k we need

cosiges) = o [ ot [o (26 )]

iﬁ

- a/ eiz' 7|Oc/| (a/) T 1 a—a'
@w)na;a(a)/ ) (. €) 02 D .

Therefore, we have
—la’ iz- ’ 1 a—a’
e, ) <0 30 | 4 () o et
o' <«

and
2

/|2“Ktmz| dz<CZt_2‘o‘|

o' <«

1 04704/
P (g ) o 06D
Since the support of the function f(|¢]) is contained in 1/2 < |¢| < 1, we have

—n(1-p)/2—pla’| —o
o (=)= <fi ()

t
< Ctn=200=p/2+e'l, ((21)7)

in the support of the integration. So we get

/|zaKt(z,z)|2 dz < Ct(”f%)(l*p)w((Qt)g)Q Z / d¢
o {172<]¢I<1}

'<a
< Ct=2m =0y ((2)7),

Thus we have
/|z|2n|Kt($,Z)|2dz < C’t(”*%)(lfp)w((%)a)%

Writing m = (n — 2k)(1 — p)(> 0), we have

[Bwres | [ [ v / 1z|-2”|vt<x—tz>|2dz]

1/4

t1+m |z|2”|Kt(x,z)|2dz] dx.

| |>tp—1



From the estimate of the L? norm of the kernel |z|*|K;(z, 2)| we have

2 Y —2x 2
|B(z)|“de < C ; ﬁdt . |2| " |ve(x — t2)|° dz
z|>tp—1
1/4 2t)° 2
0 t

SC’/ / ﬁdt/ ) |2| 72 oy (2 — t2)[* dz | da.
0 2| >tp—1

So, changing the order of integration, we have

/|B(x)|2da: < 0/01/4t11m szw 2|2 (/vt(x—tz)|2dx> dz] dt
< 0/01/41 [/|vt(x)2dx] dt

< Cllul3-

Combining the L? norm of A(x) we have
Ip(X; Da)ullz < Cllullz. O

Remark 4.2. We note that the order n(1 — p)/2 of the symbols in Theorem /.3 is equal to Mmoo = mq as defined in
(1). Moreover we note that in this theorem we do not need the continuity of the symbols p(x, &) in the variable x.

When p =1, we see that m;, = 0 for 1 < p < oo. Therefore, combining the Calderén—Vaillancourt Theorem with
Theorem 4.3 we have the following corollary.

Corollary 4.1. Let 0 < § < 1. If the symbol p(z, &) satisfies

P (2,6)| < C©)~1,
P (2,€) — p'(y,6)| < Cw(|z — y|(€)°)(€) 7l

for |a| < k = [n/2] + 1, where w(t) is the same as in Theorem 4.3, then the operator p(X, D;) is L?(R™) bounded.

Proof. We take a smooth function ¢(z) with support in {z : |x| < 1} and with integral

/cp(x) dz = 1.

9(z,6) = (&) / (&) (@ — 1)p(y. €) dy
=/¢@Mm%ﬂwaﬁw

We define a new symbol ¢(x, ) by

where § < ¢’ < 1. Then it is not difficult to see that ¢(z, ) satisfies

las) (@, &)| < C(g)~lol+oIel

for any |a| < k and any 3. Hence by the Calderén—Vaillancourt Theorem, the operator ¢(X, D) is L?(R™) bounded.
Moreover, from the assumption we can see that

T(l‘,f) = p(l‘7£) - Q(xag)

satisfies the conditions in Theorem 4.3. Hence the operator r(X, D,) is also L?(R™) bounded. Therefore the operator
p(X,D,) = q(X,D,) +7r(X,D,) is L?(R") bounded. O

Under a slightly stronger condition than the one in Theorem 4.3, we have the following L>°(R") boundedness.

10



Theorem 4.4. Let 0 < p <1 and 0 < o <1, and suppose that the symbol p(x,&) satisfies
P (2, €)| < Cw((€)~) (€)= /D A=p)rlal

for any |o| < k = [n/2] + 1, where w(t) is a nonnegative and nondecreasing function on [0,00) which satisfies

/Olwit)dt<oo. (4)

Then the operator p(X, D,) is L (R™) bounded, that is, there is a constant C such that
Ip(X, Dy)ulloo < Clluflso for any u € S.

Proof. As in the proof of Theorem 4.3 we may assume that the support of the symbol p(z,§) is contained in
{€:]€] > 4}. We take a nonnegative and smooth function f(¢) such that

/0 @dtzl, supprB,l]

Then as before, for any £ # 0 we have

[0
0

t

Then we can write

p(X, Dy)u(z) = /01/4 % dt/[(t(x,z)u(a: —tz)dz,
(271)” / e*tp (w % f) F(gD) de.

/K,g(sc,z)dz:/l|<tp1 |K,5(ﬂc,z)|dz—|—/||>tp1 |Ki(z, )| dz = A(z) + B(z).

where
Ki(z,2) =

We divide the integral of K;(x, z) in two parts:

Then we have

1/2 1/2
Ax) < / dz / |Ki(x, 2)* dz
|z]<tr—1 [z]<tr—1
- LA 1/2
<cro e [ (sge) f(ﬂfdf]
i 1 n(p—1) —o\ 2 1/2
< crle=1)/2 ~¢ w ’f d¢
{1/25)g1<1y |t t

< Cw((2t)7).

For k = [n/2] + 1 we have

1/2
B(z) < [ / 2|2 dz] [ / |z|2~|f<t<x,z>|2dz]
2| >t0-1 |2|>to-1

_ 1/2

1 2
< iz | [ 57 i (o 2e) | e dg

lal=r

_ 1/2

n(p—1)—2k, —0o 2
< Ctn=28)(p=1)/2 / 2 |1 vy pw ’5 d¢
B {1/2<l¢|<1}

<ow(@)’).

1/2

t

11



Hence
/|Kt(x,z)| dz < Cw((2t)7).

Therefore we have

1/4 4
Ip(X, Dy)u(z)] < / n dt/ | Kt (z, 2)| |u(z — t2)| dz
0
<o [T
0 t
< Cllulloe. O

Remark 4.3. The condition in Theorem 4.4 is a little stronger than the one in Theorem 4.3. In fact it is easy to
see that inequality (4) implies inequality(3).

We have the following corollary to Theorem 4.4.

Corollary 4.2. Under the condition in Theorem 4.4, the operator p(X, D) is LP(R™) bounded for 2 < p < oo, and
we have

Ip(X, Da)ull, < Cllull, — (uveS),
where the constant C is independent of 2 < p < co.

For the L!(R") boundedness we have to put a stronger condition than in the case of the L?(R") and L*°(R")
boundedness.

Theorem 4.5. Let 0 < p <1 and o > 0. Assume that the symbol p(x,&) satisfies the inequality
|p(a)(x7§)| < CW(<£>_U)<£>_"(1—P)—p|a\

for any |a| < n+1, where w(t) satisfies the same condition as in Theorem /.. Then the operator p(X, D) is L'(R™)
bounded.

Proof. As in the proof of Theorem 4.4 we may assume that the support of the symbol p(z,§) is contained in
{(z,€) : |¢] > 4}. Then, taking a smooth function f(t) as before, we write

1/4
p(X, Dy)u(x) = / %dt/Kt(m,z)u(ac —tz)dz,

0
where
1 . 1
Kife.2) = e [ % (0 76) £0€D de
and write
/Kt(a:, 2)u(x —tz)dz = / Ki(z, 2)u(z — tz) dz
|z|<t=(=p)
+ /Zth_(l_p) K (z, 2)u(z —tz)dz

Since




we have

/|At(a:)|dat < / l/|Z|§t(lp) |Kt(x,z)u(x—tz)dz] do

< Ctn(l—ﬂ)w((Qt)a)/ [/ i "LL(.’L' — tZ)|d21 dx
< Ct"(l_”)w((Qt)”) / / |u(z — tz)|dxdz

|z|<t=(-p)

= Cwo((21)) ulls.

In order to estimate the L' norm of B(z), for |a| =n + 1 we have

mi ) <o [ (s e)| () ae

1 1 —n(1—p)—p(n+1) 1
<ot / ¢ w ‘5
1/2<¢|<1

t t
< Ct 1w ((2t)7).

o-) df

t

Hence we have

/|Bt(x)| dx < / [/ \Z|7"+1|z|”+1|Kt(x,z)| lu(z — tz)] dz] dx
2| >t- ()
< Ct*“*p)w((Zt)")/ V z|”1|u(a:—tz)|dz] do
2l 2¢- (=)

~(1-p),, o P u(r —tz)|dx| dz
< - (Pu((21) )/|z|>t—u—»>' | [luta = el as] d
< Cw((2)7)|lull-

Finally, we obtain

1/4
/|p(X, D,)u(x)| dx §/0 %dt/ |Ki(x, 2)u(z — tz)| dzdx
/4, o
< [T ara,

- t
< Cllull. O
Again, by the Riesz—Thorin interpolation theorem, we can get the L?(R™) boundedness for 1 < p < 2.

Corollary 4.3. If the symbol p(z,§) satisfies the same condition as in Theorem 4.5, then the operator p(X, D) is
LP(R™) bounded for 1 < p < oo, and we have

[p(X, Da)ull, < Cllull,  (uweS),
where the constant C is independent of 1 < p < co.

In the case 0 < p < 1, the decreasing order, n(1 — p), of the symbols in Theorem 4.5 does not coincide with the
optimal decreasing order m; = n(1 — p)/2. In this sense, the assumption of Theorem 4.5 is too strong. However, in
the case p = 1, since m,, = 0, we can get the L'(R") boundedness without using the regularity of the symbols in the
space variable, x, for operators with symbols which have almost optimal decreasing order.

We give here the result for the case p = 1 as a corollary, which is only a special, but important, case of Corollary 4.3.

Corollary 4.4. Let 0 > 0. Assume that the symbol p(x, &) satisfies
[P, 6)| < Cu(e) ™))
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for la| < n+ 1, where w(t) is a nonnegative and nondecreasing function on [0,00) which satisfies

/lwit)dt<oo.

0

Then the operator p(X, D) is LP(R™) bounded for 1 < p < oo and there exists a constant C which is independent of
1 <p < o0, such that

Ip(X; Dz)ullp < Cllully  (u€S).

If the symbols p(z, £) are independent of the space variable, x, then we can get better results than the assertions
in Theorem 4.5 and Corollaries 4.3 and 4.4. In fact we have the following theorem.

Theorem 4.6. Let 0 < p <1 and o > 0 and assume that the symbol p(§) satisfies the inequality
[P (©)] < Cw((€)7)(g) 1 m/2rlel

for any |a| < k= [n/2] + 1, where w(t) satisfies the same condition as in Theorem 4.4. Then the operator p(D,) is
LY (R™) bounded.

Proof. As usual, by Lemma 4.1 we may assume that the support of the symbol p(£) is contained in {£ : |¢| > 4}.
Taking a smooth function f(¢) such that

1 > f(t
supp f C {, 1} and / & dt =1,
2 ot
we have

1/2
p(Dy)u(z) = ﬁ /0 %dt / Ko(2)ulx — t2) dz,

ki) = [ e (1€) s

Then, as in the proof of the L>(R™) boundedness, writing

/ Ko(2)|dz < / K(2)|dz + / Ko(2)|dz
|s|<t-(-0) |2|>t-(-n)

where

= Ay + By,
we have
1/2 1/2
A < / dz] [/ Kt(z)|2dz]
|z]<t=(=p) |z|<t=(=P)
1/2

<o [ (1) s o]

< Cw((2t)7)
and

1/2
B; <

1/2
/ o] 2 dz] [ / 22|y (=) ? dz]
EEa |2 2t= (=)

sornen 2 e [f (ol o]

le|=r

< Cw((2t)7).

Hence we have

/|Kt(z)| dz < Cw((2t)7).

14



Therefore, changing the order of the integration, we obtain

1/2 4
p(Dg)u(x)|dr < ;d t(2)u(z — tz)| dzdx
/|w><>m <A t//%«)( t2)] d=d

1/2 4
< [ qat [ 1K) deluly
0 t
1/2 -
< C/ w((2t)7) dt||ull,
0 t
<Clul,. O

If we combine Theorems 4.4 and 4.6, the Riesz-Thorin interpolation theorem implies the following Corollary.

Corollary 4.5. If the symbol p(€) satisfies the same condition as in Theorem 4.6, then the operator p(D,) is LP(R™)
bounded for 1 < p < 0o, and we have

lp(Dz)ully < Cllull, — (ueS),

where the constant C' is independent of 1 < p < co.

5 Behavior in L*(R") space

We first note that the results in this section are essentially found in Nagase [13].
Let @ be a cube in R™ with sides parallel to the coordinate axes, and |@Q| be its Lebesgue measure. For a function
u(z) defined on R™, we define its bounded mean oscillation (BMO) norm by

1
[ull« := llullBmo = Squ/ lu(z) — ug| de,
Q \Q| Q

where ug denotes the mean value of u(z) on @, that is,

1
uQ = Ql /Q u(zx) da.

We let BMO = {u(x) : ||ul« < oo} denote the space of BMO functions on R™. Then we easily see that L>(R"™) C
BMO and
lulle < 2flulle (Vu € L¥(R™)).

The proof of the following Theorem 5.1 is given in [13]. The result itself has been essentially derived by C. Fefferman
[5] (see also, Li and Wang [11]). The proof of the theorem is a little long but we give it here. Theorem 5.1 will be
used in the proof of our main Theorem 5.2 in this section.

Theorem 5.1. Let p > 0 and § < 1 satisfy 0 < § < p < 1. Assume that, for a and G with |a|,|B] < k = [n/2] + 1,
the symbol p(x, ) satisfies

‘pgg; (2,8)] < Cy p(€)m=P)/2=plal+3l5]
Then the operator p(X, D) is bounded from L>(R™) to BMO, and we have
Ip(X; Da)ull« < Cllullee  Vu € L¥(R").
Proof. As before, we may assume that the support of p(z,§) is contained in {(z,&) : || > 4} and p(z, ) satisfies

() (2, &)] < Clg|~n=e)/2melel 3181 (jg] > 4)
for |al,|B| < k. Moreover, by the Calderén—Vaillancourt theorem we have

Ip(X, Da) [ Dz |7 2ully < Cllullz

because the symbol p(z, €)[¢]*1=P)/2 satisfies the conditions of Theorem 3.3. As before, we take a nonnegative

function f(t) € C§°(R) such that
supp f C [1,1], / @dtzl.
2 ot

15



Thus, we have

[ %% -1 g0,
. ¢

We consider a cube Q = {z : |z; — a?\ < d/2} with d < 1, and take a function ¢ (§) such that

supp ¥ C {[{| <2}, 0<4(§) <1,
and (&) =1 for £ < 1. We set 1)4(§) = (d€). We split the symbol p(z, ) as

p(l’7€) = p(x7§)¢d(§) —l—p(l’,f)(l - ¢d(§))
= pO(‘xag) +p1(ﬂf,f)

We begin with the estimate for the operator po(X, D, ). As before, we can write

Po(X. DoJue) = s [ e i) e

and

Dy {po(X, Dy)u(z)} = %/2 /6i$'5{290(6j)($7f) + &ipo(x, &) Yu(€) d§

(27)
- ﬁ /eimf{men(%f) +&p(x, ) }ha(§)(E) d€
1

- G / e pd (z, €)a(€) de,

where
P (2,€) = poe, (%, ) + &po(, )
= {p(e;) (@, ) + &p(a, &) Ma(E).

Hence, using f(t) we can write

fdt

Dy, {po(X,Dy) e @V Epd (2, €) f(¢[€])uly) dydE

fdt

e (0 7.6) flehute - 1) aca:

(277)"/ *dt/KOJ (t,z, 2)u(x — tz) dz,

Koslti.2) = [ 591 (5,36 sl e
= [ oy (276) + 3w (w7 ) | wa (5 €) steDae

On the support of the integrand of the kernel Ky ; (¢, z, z), we have

where

€] <

1 1 1
— >2 - < <2 -
clelz2 osise g

Therefore, on this support we get d/4 < t. Thus we can write

1/2 4

Dy A{po(X, D,) dt

n (t, @, 2)u(z — tz) dz.
/4

Then we write

/\K07j(t,x,z)|dz = / |K0,j(t,:z:,z)\dz+/ | Ko ;(t,x,2)|dz
{lz|<t-(=m} {lz|>t=C=m}

=1+1I
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By Schwarz’ inequality and Plancherel’s formula we have

1/2 1/2
i< / dz / | Ko ;(t, @, 2)* dz
{lsl<t-0-0) {lsl<t-0-0)
1/2
< otni=n)/2 [/ ‘pj (:v 15)
> 3 t

By the definition of p?(z, &), we can see that

. 1 1 1-n(1—p)/2 1
v (sge)| =c(fie) (3<te<1).

1/2 o
<ottt / | ==.
{1/2<¢]<1} ¢

It is not difficult to see that the symbol p?(z, £) satisfies the estimate

2
f(|£)2d£]

Therefore, we have

- 1
o] < clem=roe (G<lds<a)
for |a|] < K, where the constant C' is independent of 0 < d < 1. Hence we have

e el o

7§
< Ctme—1=(=p)lal (; <lg < 1)

’—moo-i-l—pod

for |a| < k. Therefore, for any a with |a| < k we have

3 {pj <x15> }' < Cpmeemi=(me)n (; < el < 1) :

Thus, again by Schwarz’ inequality and Plancherel’s formula, we have

1/2 1/2
I71 < / | 2| 727 dz] l/ 2|27 | Ko (t, z, 2)|? dz}
21> ¢-(1=0) |2|>t-(-n)

) . 5  71/2
(o) o

< C(n/2=n =) V
< COt—(M/2=rR)(1=p)ymec—1=(1=p)x

la|=kK

<ol
-t
Hence we have
1/2 4
|Da; [po(X, Dy )u()]| < C/ = dt ulloo
d/4

< Yl

Using this estimate we can see that

Clz — y|

[[l]oo-

Therefore, writing
1
(ro(X. Do = 5 /Q po(X, Dy uly) dy,

17



we obtain
L / 1Po(X, Da)u(z) — (po(X, Du)u), | do
Q] J, Pt Da)tlg

g@ /Q /Q 1po(X, Da)u() — po(X, Dy Yuly)| dy dx

1 |z —yl
SC—/ / dy dx||u|
ar /L vl
< Cljul|so- ()

Now we have to estimate the term p; (X, Dy )u(x). We take a function x(x) € C§°(R™) such that

{X(x) =1 for z=(x1,22,...,2,) with |z;| <2 (j=1,2,...,n),
x(x) =0 for x = (x1,22,...,2,) with |z;| > 4 (j=1,2,...,n).
Denoting the center of the cube Q by z°, we set

Xa(@) = x(d7*(z — %))
and write

p1(X, Dy)u(z) = p1(X, Dz ){xau}(@) + p1(X, Da){(1 — xa)u}(x)
= Tu(z) + Hu(x).

Then, by Schwarz’ inequality we have

1/2

<fu>Q—\Klz| JRZCEEE B [ i) do

Now we write the symbol p;(x,&) as

pa(z,€) = pla, )"/ (1 — gha(€)) ¢ =)/

and note that p(z,£)[¢|"(1=#)/2 satisfies the conditions of the Calderén-Vaillancourt theorem. So, using the L?(R™)
boundedness of the operator p(X, D,)|D,|""=*)/2 we have
lp1 (X, Do)xaulls < Cll (1 = ¢a(Da)) [De 70707 {xqu} |2
< Cd" P2 {xqu} |2
< Cd" P2 xallz |lulloo-
By the definition of x4(x) we have
Ixall2 = d"/2||xl2-

Thus we have
1 (X, D) xaull2 < Cd™?||u| s,

and, therefore,
(Tu)q < Cllu|so-

In order to estimate the term ITu(z) we write

d
ﬁ/o %dt/Kl(t’x’z){(l — xa)u}(z —tz)dz,

Kattin,) = [ (76 [1-va(f€) | roshae

Here, in the support of the integrand of the integral kernel K, (t,x, z), for x = (z1,22,...,2,) € Q we have

IMTu(z) =

where

d*”\xj—tzj—xm > 2, |xj—x2| <

|
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Thus, we have
|z| >t dP.

Hence, for x € @ we have

/\Kl(t,x,z)|dz:/ |K1(t,z,2)| dz
|z|>t=1dr

1/2
/ z|_2”‘dz] l/ |z|2”K1(t,x,z)|2d21
|z[>t—tdr |z|>t=1dr

1/2
A N EDY { / 220‘|K1(t,x,z)2dz}

jal=r

gctn—n/2d—p(n—n/2) Z {

lal=r

1/2
<

9 1/2
df}

0 [pte 1 1 - vl ) 1))

< OtF—/2gp(h=—n/2)4=(1=p)(r=n/2)
< OtPlr—n/2) g=p(s—n/2)

Therefore, we have
dq
[ Tu(z)| < C||u||oo/ ;dt/|K1(t,:c,z)|dz
0

d
1
- —p(k—n/2)
< C’||u||oo/0 ey i < Cllullo

Here we used the condition p > 0. Thus combining the estimate for Tu(z) we have

1

01 . (X, Dajua) = (1 (X, Doyl e < . (©
Therefore, from (5) and (6) we have
1

o [ (X, Da)u(e) = (X, Do)ulglds < Clull.

Ql Jq
and, since the cube @ is arbitrary, we finally obtain

Ip(X; Dz)ulls < Cllullee. O

As a corollary to Theorem 5.1 we have the following boundedness result.

Corollary 5.1 ([5]). Let2<p<o00,0<d<p<1,d<1, and 0 < p. If the symbol p(x,&) satisfies
‘p(m ( g)’ < C/(g)~mwrlal+o18]
forla| <k =[n/2]+1 and |B| < kK, then the operator p(X, D) is LP(R™) bounded and we have
Ip(X; Da)ullp < Cypllullp-

The proof of Corollary 5.1 can be done by using the Fefferman—Stein interpolation theorem [6]).

Using the symbol approximation (or regularization) and Theorem 5.1 we can prove a boundedness theorem for
operators with symbols which have a weak regularity in the space variable, x, and the critical decreasing order. For
the symbol approximation the following two lemmas play an essential role.

Lemma 5.1 (See [13]). Let 0 < < 1 and ¥(z) be in S. Then 1 ({£)°z) belongs to S{ s and satisfies

WD)} = D Y ({2} ) ((€) )

lo’|<|al

for any a, where ¢(0/)(z) = Bg‘/w(z) and a0 (€) € S;(lfl‘.
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Lemma 5.2 (See [10]). Let 0 < 7 < 1 and ¥(x) be in S. Then, for any (3, 85¢(<§>_T(§ — &) satisfies

RWO)TC=)= D Ysam OO T =MD ()T - 9),

[vI<IBLv1 <y

where g, ~, (£) € g;élﬁl—u—r)w—m.

We shall use Lemma 5.2 in the next Section 6. As one of the main results of this section we have the following
theorem. By Theorem 4.4 and the Fefferman—Stein interpolation theorem we can prove an LP(R™) boundedness
theorem for operators with symbols with critical decreasing order m,, for 2 < p < oco.

Theorem 5.2. Let 0 < § < p <1 and d <1, and suppose that the symbol p(x,§) satisfies
‘p«x) (m,f)‘ < C(g)~1=p)/2=plal

and

9 (@,6) = p (5, )| < Cullo - yl(§)°) €)1/l

for any |o| < k = [n/2] + 1, where w(t) is a nonnegative and nondecreasing function on [0,00) which satisfies

1
/ @dt<oo.
0 t

Then the operator p(X, Dy) is bounded from L*°(R™) to BMO and we have
Ip(X; D )ulls < Cllufloo-

Proof. As usual, we may assume that the support of the symbol is contained in {(z,£) : |£| > 4}. Take a smooth
function ¢(z) on R™ such that the support of ¢(z) is compact and /go(m) dx = 1. We define a new symbol p(z, &)
by

B, €) = / PPz — (€)y.€) dy
— (&) / 267 (@ — 9))p(y,€) dy,

where §’ is a constant such that § < ¢’ < p, and set
Then, by Lemma 5.1 we can see that the symbol p(z, £) satisfies
‘ﬁggg (x@)‘ < Cple)—n1=p)/2=plal+8'15]

for any |a| < k and (. Therefore, by Theorem 5.1, the operator p(X, D,) is bounded from L>*(R"™) to BMO, and
we have

1P(X, Da)ulls < Cllufloc-
On the other hand, we can see that the symbol ¢(z, ) satisfies

[0 (@, )| < Cu((g) > +)(gy e/l
for any |a| < k. Since ¢’ — 6 > 0, the symbol ¢(x, &) satisfies the conditions of Theorem 4.4 and we have
19(X, D )ufloo < Cllulloo-
Finally, we obtain

(X, D )ull < [[B(X, Da)ull« + [lg(X; Dy )ull+
< Cllulloe + 2[lg(X, Dz )ulloo
< Cllufloe- O
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When p = 1, by using Theorem 5.2 we can show a slightly more general result than Corollary 5.1.

Corollary 5.2. Let § < 1. Assume that the symbol p(x,§) satisfies

[P @, 6] < cte),
[P (@,6) = )y, )| < Cwl(©) (@ — y)(e) T,

for any |a| < k, where w(t) is a nonnegative and nondecreasing function on [0,00) such that

1
/ @dt<oo.
O t

Then the operator p(X, D,) is LP(R™) bounded for 2 < p < co.

Proof. We have already seen in Corollary 4.1 that the operator is L?(R™) bounded when p(x, £) satisfies the conditions
of Theorem 5.2. Also we have seen that the operator is bounded from L*°(R™) to BMO by Theorem 5.2. Therefore
the boundedness follows from the Fefferman-Stein interpolation theorem. O

6 LP(R") estimates for 1 < p < oo

In this section we consider only the case p = 1. When 2 < p < 0o, we have already seen in Corollary 5.1 that we can
get the boundedness result even in the case p < 1. However for, the case 1 < p < 2 and p < 1, we need a slightly
different argument to get the LP(R™) boundedness.

Theorem 6.1. Let 6 < 1 and assume that the symbol p(x,§) satisfies
[ (@, )] < ce) e,
[P (@,€) = Py, 6)| < Cw((©)f — y) ()1,

for la| < n+ 2, where w(t) is a nonnegative and nondecreasing function on [0,00) such that

1
/ it)dt<oo.
0 t

Then the operator p(X, D,) is LP(R™) bounded for 1 < p < co.

Proof. We have already seen that the operator p(X, D) is LP(R™) bounded for 2 < p < oco. So we need only consider
the case 1 < p < 2. Let ¢(x) be a C°°(R"™) even function with support in {z : |z| < 1} and /go(a:) dx = 1. We
define a new symbol p(z, ) by

&) = ©" [ o€z =)oty dy
(" [ e - v &) dy
= /@(Z)p(iv— (&) Ty, &) dy,
where § < 7 < 1. Then, as before, we can see that the symbol j(z, €) satisfies
55 (2, 6)| < gy lett

for any 8 and |a| < n + 2. Moreover we can see that the symbol ¢(z, &) = p(z, &) — p(z, §) satisfies

lg(z, )| < Cw((&)~ =) (g)~ e

for |a] < n+ 2. Hence, by Theorem 4.5 we can see that the operator ¢(X, D,) is LP(R™) bounded for 1 < p < cc.
So we have to prove the boundedness for the operator p(X, D,).
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We define another new symbol p(z,€) b
© [ eliey (- )it c)de
€ [ el 0pta ~ O d¢
JEGEX

where 7 < p < 1. Then, by Lemma 5.2 we can see that the symbol p(z, £) belongs to the symbol class ng and
satisfies

5(33)5) =
= —(§)"Q) d¢,

55 (@,6)| < Caale)~ 1ot (7)
for any 8 and |a| < n + 2. Moreover we can see that the symbol r(z, &) = p(z, £) — p(x, £) satisfies
[, ©)| < c(g)Tel=0=n

for |a] < n+ 1. Hence, again, we can see that the operator r(X, D,,) is LP(R™) bounded for 1 < p < oco. Writing the
operator p(X, D,,) as }
p(X, Dm) = ﬁ(Xa Dz) + T(x; 5) + Q(Xa D )

we need only show the boundedness of the operator p(X, D,). Since p(X, D,) belongs to S9

.+ We can use the algebra
of the symbol class S)°.. For v and v in § we have

(A(X, Dy )u,v) = (u, 5*(X, D)),

o0

°- and has the asymptotic expansion

N _iylel =————
i~ O i),

e}

where the symbol p*(z, £) belongs to S5

Hence, using (7) and p > 7 we have

5 (. 8)| < Ol

for |a] <n+ 1 and any . This implies .
127(X; Da)vlly < Cllollp,

where 1/p+ 1/p’ = 1. So, by a duality argument we have
[P(X, Da)ullp < Cllullp. O

7 Pseudodifferential operators with magnetic potentials

As we stated in Section 3, if 0 < 6 < p <1 and § < 1, then the pseudodifferential operator p(X, D,) with symbol
Sg, s 1S L?(R™) bounded where A is any basic function.

Let a(z) = (a1(z),...,a,(x)) be an R™ valued function on R", where a;(z), j = 1,2,...,n, are real valued
smooth functions whose derivatives, [0%a;(x)|, are bounded for any « # 0. We consider the basic function
Az, &) = V14§ —a(@)]?. (8)

Thus, A(z, ) satisfies the following inequalities:
(a) 1< Az, €) < Clz)(8),

(b) ‘)\Egg(x,ﬁ)\ < CopA(z, &)1,

In this section, we restrict attention to the basic weight function (8) and consider the symbol class S;’f(;’ \ Where
0 <4 < p=1. Then the problem is to show the L”(R™) boundedness of the operator p(X, D) € S} 5, for general
1 < p < co. However, this problem is still open (see Section 8). We present here a slightly weaker boundedness
result, which corresponds to the case of lower order operators.

We first prove the following lemma.
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Lemma 7.1. Let p(z,§) be in S(Ig)‘ for some positive ¢ > n. Then the operator p(X, D,) is LP(R™) bounded for
1<p< o

Proof. From the definition of the operator p(z, D), we have

P Do) = o [ [ 7 o yuty) e

:/K(x,x—y)u(y)dy (ues),

where

K(e.2) = s [ €4l

271r n/‘p(a)(m"t)’ d
<o/ € — alw))~ de
. c/<g>*ﬂd§ e

K (2, 2)| < Clz)™" 7!

Since o > n, for any multi-index o we have

|z%K (z, 2)| =

Therefore, we obtain
and
Ip(X, Da)ull, < Cllull, (wes). O
For 2 < p < o0, we can get a slightly stronger result than Lemma 7.1.
Lemma 7.2. Let the symbol p(x, &) satisfy
P (2,6)] < CaA(z,&)7 1

for any o with |a| < k = [n/2] + 1, where o is a positive constant. Then the operator p(X, D,) is LP(R™) bounded
and we have
Ip(X; De)ullp < Cllull, — (uweS),

where the constant C' is independent of 2 < p < oco.

Proof. From the definition of the operator p(X, D,) we have
X,D H@=v)Ep( dyd
(X DoJute) = o | / (¢, &)uly) dy de
/K x,x — y)u(y) dy,

where the integral kernel K (z, z) is

. 1 zz£
For L*(R™) boundedness we have
/|Km— wly |dy</|mm— )| dy oo
< / (2) () K (2, )| dz [[ull o

1/2

< Clulle | [ (1.2 a
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From the assumption on the symbol p(z,§) we have

/<z>2“|K(x,z)|2dz - ca/|zaK 2,22 dz

la|<k
= > ca [ [P (@, 8)7d¢
la|<k /
< c/ —a(x))"27d¢
- c/<g>*2gd§ = O, (9)

where the last constant, C, is independent of the variable x. Hence we have
[p(X, Do )u(z)] < Coslltrf|oo-

Therefore, we can get the L (R™) boundedness with norm bounds not greater than Co.
For the L?(R") boundedness, using estimate (9), we have

/|p(X,Dm |2dx—/’/Kxx— (y) dy
< [t v tra)

<| [0 Py as

<o [[ =) > luly)P dydo

= Cllull2.

2
dx

Thus we obtain the L?(R") estimate. Hence the lemma follows from the Riesz—Thorin interpolation (see [17]). O

Remark 7.1. In Lemmas‘7.1 and 7.2, we do not need the assumption that the derivatives Oqa;(x) are bounded for
any j and o # 0. In the proofs we use only the fact that the functions aj(x) are real valued and measurable for
i=12,...,n

Theorem 7.1. Let a(z) be as in Lemma 7.2 and A(z,§) as in Definition 2.2. Choose a nonnegative and nondecreasing
function w(t) on [0,00) such that
1
/ @ dt < oo,
O t
and assume that the symbol p(x,§) satisfies
[P (@, 6] < Cadl@, &) (M) ™)

for any « with |a| < n+ 1. Then the pseudodifferential operator p(X, D,) is LP(R™) bounded for 1 < p < co.

Proof. By Lemma 7.2, we may assume that the support of the symbol p(z, §) is contained in {(z,§) : |£ —a(x)| > 2}.
Now we take a smooth nonnegative function f(t) such that the support of f(t) is contained in the interval [1/2,1]

and
T
0 t

Since the support of the symbol p(x, &) is contained in {(z,€) : | — a(x)| > 2}, we have

p(X, Dy )u( dt "V Ep(2, ) (€ — al)|)uly) dy dé

1 -y
- w/o o dt// ety (0. 4 a(w)) 1Dty deay

fdt

=D K (2, 2)u(x — t2) dz,
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where
Kite,) = [ 5 (2.5 4 aw) sl de
If we put p(x, &) = p (z,£ + a(x)), then it is easy to see that

[P (2, )] < Cal®) T ((©)7)
for |a] < n+ 1. Since the equality

. 1 @] . (! 5 7

— jlal iz-§ =(a’) S o—o
i) = Y (8] Jemne (w5) o e ae
holds for |a| < n+ 1, we have

Sl S (S [P (05) | de

o' <a

1 o § || ’5 —1
<C — / 2w |2 d
() o = (i)
< Cw(t)
for |a| < n + 1. Therefore we have
|Ki(z,2)| < C{€) ™" w(t). (10)

By inequality (10) and the equality

IA! :
o) / n dt/e”z'a(‘r)Kt(x, 2)u(x —tz)dz
)" 0

we can see that the operator p(X, D,) is L' and L® bounded. That is, the inequalities
[p(X, De)ully < Cllully,  [|p(X, Do)ullos < Cllulle

p(X, Dy)u(x) =

hold. So by the Riesz—Thorin interpolation theorem we have the LP boundedness for 1 < p < oc. O

When 2 < p, we can show a slightly more general result than Theorem 7.1, by using Plancherel’s formula.

Theorem 7.2. Let a(x) and A(z,&) be the same as in Theorem 7.1. Choose a nonnegative and nondecreasing
function w(t) on [0,00) such that
1
t
/ w(t) dt < oo.
O t

Assume that the symbol p(x, &) satisfies
1P (2,€)] < Calw, &)™ (Mx, )7")
for any o with |a] < k = [%} + 1. Then the pseudodifferential operator p(X, D) is LP(R™) bounded for 2 < p < oco.

Proof. We first show the L*> boundedness. We write the operator p(X, D, ), as in the proof of Theorem 7.1, in the
form

P D) = g [ [ O K ot 1) (11)

where
Kife.2) = [ (a5 +ao)) £(e) de (12)

Then,

[ 1wl dz = [ K, )] dz

{/(z)% dz} v [/(z)z"Kt(x,z)de} v

<C ) {/|Z“Kt(:c,z)|2dz} v

lof<w

IA
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and Plancherel’s equality gives

/|z°‘Ktmz| dz = (2m)" /

< Chw(t).

2

5 (%) 20e)]

IP(X, Dy )u(z)] < Clluf]oo-
In order to show the L? boundedness of the operator p(X, D,), using representation (11)—(12), we have

Hence, we obtain

wl < [ im0 e vl — 1) ds
08 Dol < g [ | [ emicout ~ 14

2

It follows that

2

) :/ /eitz'“(””)Kt(x,z)u(x—tz) dz
g/ /|Kt(x,z)u(x—tz)\dz :

2

H/e“z‘a(')Kt(-7z)u(- —tz)dz dz

dr.

Hence, by Schwarz’ inequality we have

2

‘/ | Ky (2, z)u(z — tz)| dz

< /<z>2*”~|Kt(g;,z)|2dz/<z>—2~|u(x—tz)\%zz.

As above, we can see that

/(z>2”|Kt(x,z)|2dz§ Z /\z“Kt(x,z)sz

- / oc [ (2.5 + (o)) 106D

2

la|<k

< Cuw(t)?

Therefore we obtain

H/e“z'“(')Kt(-,z)u(~ —tz)dz

<C// T2 \u(x — t2)|* dz da

< Cw(t)?|Jull3.
Thus, from the assumption on w(t) we have the L? estimate
Ip(X, Dy )ulla < Cllullo.

Again, by the Riesz—Thorin interpolation theorem, we have the LP boundedness for 2 < p < oo. O

8 Conjectures
As was seen in the previous sections, we can expect that the following LP(R™) boundedness theorem holds.
Conjecture 1. If the vector function a(z) = (a1(x),...,an(x)), which defines the basic weight function (8), satisfies
10%a;(z)| < Ca (13)
for any a # 0, then, for 1 < p < oo, the operator p(X, D,) in S?,(M is LP(R™) bounded, that is, the inclusion
Sisa C L(LP(R™))
holds.

26



As we stated in Section 3, it is known that if the vector function a(x) satisfies the estimates (13), the operators in
SY 5., with & < 1, are L*(R™) bounded. So if we can show weak type (1,1) estimates or boundedness from L>*(R™)
to BMO, then we can get Conjecture 1, that is, LP(R™) boundedness for 1 < p < oo, by using interpolation theorems
(see, for example, [16], [6]). Therefore, the fundamental conjecture is

Conjecture 2. If the vector function a(z) = (a1(x),...,an(z)), which defines the basic weight function (8), satisfies
0%a;(2)| < Cq

for any a # 0, then the operator p(X, D,) in S?’&/\ is bounded from L>°(R™) to BMO, that is, there is a constant C
such that
IP(X, Da)ullBro < Cllul|so.
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