RESTORATION OF LOST SAMPLES BY OVERSAMPLING NEAR
THE NYQUIST RATE *
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Abstract. A formula in matrix form for restoration is given and the matrix with the sampling
rate near the Nyquist rate is investigated. Elements of this matrix can be expanded into the Laurent
series of the sampling rate parameter, which is defined by the quotient of the Nyquist rate and the
sampling rate. The Nyquist rate corresponds to a pole. First terms of these Laurent series near the
Nyquist rate are given.
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1. Introduction. Let us start with well-known Shannon’s sampling theorem:
THEOREM 1.1. Assume that f € L*(R) and supp f C [—0, 0], where o > 0. Put
ty :=kmw/o. Then

(11) Zf sma sino(t —tg)

b)
kez olt—t)

where the convergence is absolutely uniform on every compact set L.

Here, f denotes the Fourier transform of f, which and whose inverse F~! are
defined by

~

1 —it-w —1 ztw
flw) = E/Re f(¢)dt, (F~9)@) \/ﬂ/ dw.

The points {t}recz are called the sampling points and the series {f(tx)}rez are
called the sampling data. The function f € L?(R) is said to be band-limited to [~o, o],
if supp ]?C [—0o, o]. The sampling frequency o/ in (1.1) is known as the Nyquist rate,
which is the minimum rate at which the band-limited function to [—o, o] needs to be
sampled in order to be reconstructed perfectly from the sampling data.

Fix 6 with § > 0. Then supp f C [, d] so that Theorem 1.1 implies

(12) Z fn 51116 t— k)

= — k)

with the sampling points {1 }rez defined by 7 := kn/d. The sampling frequency
0/m in (1.2) is called the sampling rate.
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Denote by X(—¢,0)(w) the characteristic function of the interval (—o, o) and put

2 sinot _
(1'3) ga(t) = \/; t =F 1X(70,a)'

Then we have

(1.4) 95 * 9o = Yo,

since

95 * 9o = 05 * Jo = X(=6,)X(—0r0) = X(=0,0) = Jor

Noting f(w) = A(w)x(,g’g)(w) and (1.4), we have
ft) = (f*g0)(t)

_ank (sm§ n))*%)

keZ
=6 \/>mef ) (95 * go ) (t — 1)
keZ
—5 12 F(n SIHU nk)'
= — k)

Define r := ¢/§(0 < r < 1), which is called the sampling rate parameter. Then
the above formula reduces to

_ TZf ) sma(t— M)

o = o(t — k)
(1.5) sm ot — rlmr)
- Z fn rkm
kEZ

Let n be a positive integer and M = {my, ..., m,—1} C Z be the index set of lost
samples. For m € M, substitute ¢t = 7, in (1.5). Then

Flmm) —T{Zf smrﬂ'm ) n Z £ smrﬂ'(m k)}’

Crn(m—1) rm(m — k)
LeM keZ\ M

and so

sinrm(m — £)

2 b=y M)
(16) teM
sinrw(m — k)
=r Z o p— ———f(m), me M,
keZ\M

where 6, ¢ is the Kronecker’s delta. The cardinal sine function is defined by

sin 7t

t#£0
sinct := mt (t#0),

1 (t=1),
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which is an entire function. Denote sy (t) := sinc kt and define the matrices

Sm(r) = (Smfz(r))(m,e)e/\/lx/\/l’
Szam(r) = (sm*k(T))(m,k)eMx(Z\/\/()'

Then (1.6) is represented as
(1.7) (1 = rSp(r) (f(1e)) yepq = S2AM () (F 1)) e g

where (f(mg))ZGM is the column vector of the lost samples and (f(nk))kez\M is the
column vector of the known samples. Thus we can regain the lost samples and f(t)
itself from the remaining samples, if I —rSxq(r) is invertible. This formula (1.7) was
given first in Robert J. Marks II [4] 2 and can be found in various books, for example,
Robert J. Marks IT [5] or Ahmed I. Zayed [8]. In [4], it seems that the author knows
that the matrix (I — rSy/(r)) is invertible for 0 < r < 1, but there is no proof. One
of our purpose in this paper is to give a proof of this fact. That is to show

CLaM 1:  The matriz I — rSa(r) is invertible for 0 <r <1,
whose proof will be given in Chapter 2.

From the engineering point of view, as r = 1 corresponds to the Nyquist rate, it
is desired to analyse (I —rSy;) "t nearr =1, soweput x =1—7. Then 0 < z < 1

and r = 1 corresponds to x = 0. Since sinw(m — £)r = (=1)™ L sinw(m — £z, we
have
I—7Spm = (6mye— T57n_e(r))(m,é)€MXM
m—~
= ((-1) xsm*l(x))(m,é)e/\/lx/vl
and
rSzm = (rsm*k(r))(m,k)eMx(Z\M)
_ m—k+1
= ((-1) xsm*k(x))(m,k)eMx(Z\M) :
We denote

(1.8) Do = (I —18m)/z = ((_1)m_55m*4(x))(m,e)eMxM
and
(1.9) Tava = (rSz) /2= (1" smk(®)) (1 1y e a2

Then, dividing (1.7) by « and using the invertibility of Ty for 0 < z < 1 by Claim 1,

we can restore lost samples {f (e from known samples {f (7w by the

)}eeM )}keZ\M

following new formula:

2The restoration formula given in Theorem [4, p.754] used the invertibility of the matrix
(exp(—v—1mmup/B))|(m,pyemxm for any up(p € M) which are nonequal but otherwise arbitrary
chosen from the interval W < u < B, where W and B are given positive constants. But this is not
the case. For example, let M = {0,m1} and mjbe so large that (m; — 3)/m1 > W/B, and put
up = [(m1 — 1)/m1]B,u1 = [(m1 — 3)/m1]B. Then this matrix is not invertible.
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NEW FORMULA
(1.10) (f(0) jert = Tad T (£ 0k)) e an-

As the elements of the matrix T\, are entire functions of x, the elements of T/\_A1
have the Laurent series in general. More precisely, we can show

CLAM 2:  The elements ofT/\_A1 have the Laurent series near x = 0, whose leading
terms can be given explicitly.

When we caluculate the right hand side of (1.10) in the order

T (TZ\M (f(nk))kez\/\/l> ’

Claim 2 (i.e. Theorem 4.1) gives us an approximation of (1.10) near the Nyquist rate.
On the contrary, when we caluculate the right hand side of (1.10) in the order

(1.11) (TXAlTZ\M) (f(le))keZ\M’

we need the calculation of (TA]lTZ\ M) near x = 0. As for this, we can show

CrLAIM 3:  The elements ofTA_AlTZ\M have the power series near x = 0 (i.e. they
have no singularity at x = 0), whose leading terms can be given explicitly.
One may thought that Claim 3 would give us another approximation formula of

1.10). But unfortunately, (1.11) with (T Tz a¢ ) replaced by its leading term does
M AZ\

not have meaning for general (f(nk))kez\M.
The proofs of Claim 2 and 3 will be given in Chapter 4. Chapter 3 is devoted to
prepare linear algebraic lemmas. Lemma 3.2 is new and very useful.

2. The invertibility of the matrix I —rSp(r).
THEOREM 2.1. The matrix I — rSpq is positive definite so that it is invertible.
Proof. 1t suffices to show

(2.1) (rSm(r)€, €) < (£,6),

for any non-trivial £ = (&,,)menm, where (1, ) denotes the standard inner product.
Noting that

mr

. 1 ;
rsincrt = — ey,
™

which follows from (1.3) with ¢ = 77, and that
rSm(r)|,—; = I : the identity matrix,
we have

rSm& = Y 5 [ gy

mleM

1 r .
= 5= | E ezmygm‘Qdy
2m T mem
< = [ gy
2 J_, "
meM

= (TSM(T)§7§)|T:1 = (6;5)7
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which shows (2.1). O
Let p;(z) be the eigenvalues of T ordered as pg > pg > -+ > pi,—1 > 0. Using
the above formula and the min-max principle, we can show easily that

p;(z) < Const. z%.
And more careful calculation shows
pj(x) = pja® (1+0(2®)) pi >0,

which will be shown in [1].

3. Linear algebraic lemmas. In this section, we shall give some linear alge-
braic lemmas needed for calculating leading terms of the Laurent series of the elements
of the inverse matrix T /Ctl'

For £ = ({y,...,0n—1) € Z"™, we put |{] := ng;olfq. We put L,, :={0,...,n—1}
and denote the permutation group on L, = {0,...,n — 1} by S,,.

LEMMA 3.1. Let A € C\{0}. Then, for a matriz (apq)(p el XL

(3.1) det (AP T™aq,,,) = Alt+iml det(apq)

(p,q)ELn XLy, (p,@)ELn XLy~

Proof. Since

(/\€p+mq apq) (p’q)eLn « Ln

PR 0 Ao 0
= .. (apq> T . y
0 Abn—1 (P9 €LnxLn 0 AMn—1
the identity (3.1) is obvious. O

We denote the difference product by

Al =] - ¢)).

i>j
For any function f and for any z,y € C, we put

Ap(z,y; €,m) = det(f(Lpx — mqy))(p,q)eLnxL".
Then we have

LEMMA 3.2. Let f be a holomorphic function defined in a neighbourhood of the
origin with the Taylor expansion

(3.2) F(t) = Z a—ﬂ )

Then we have

(33)  Ag(w,y:t,m) = AQA(m)z" "2y D2 e, () + O(Va? +42) }
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as (x,y) tends to (0,0). Here

(_1)n(n71)/2

(3.4) en(f) = oD det(awq)(p,q)@nwn'

Proof. By the multi-linear property of the determinant, we have

o0
Qa; .
. _ ZJ — J
Af(z,y;4,m) = det(z - (Lpx — mgy) )(p,q)eLnan
i=0 7*
— 230, Inot _ Jq
Z Jo! Jn—1! det((ﬁpx Mqy) )(p,q)eLnan
0<jose-dn—1 "
a; i
= Z i(; . 1| Z 30Ct  jui Oty
0<jorinot 70 I 0<to<o, 0 tam1 Sinma

x det ((£pz)’s " (—mgy)'e) (9q)ELn X L,

a; a;
— E Jo In—1 E ) e
- S ]octo jnflctn—l

| ; |
. . 0- —1- . .
0<orgn_1 7 In=1 0<to<o,.. 0tn 1 <jn

X (=)t -+ (= )iyl det((gpx)sq)(p,q)GLnXLT,,7

where we put s; = j; — ti(i = 0,---,n— 1) and |s| := Y1} s;.

For ¢ = ({gy,...,¢,—1) and s = (Sg,...,Sn—1), We put
D(¢;s) := det((ﬁp)sq)(p)q)eLnan.
Then we have

Ag(x,y; £,m)

a; (024

_ Jo In—1 . )

- : ]O' e ] 1' § : ]OCtO T .7'7L710tn71
0<J0-msdn—1 " 0<t0 <o 0Stn 1 Sjina

x (=mg)0 -+ (=mp_1)" 1yl ID(4; ).

If two of {y, ..., ¢,_1 coincide with each other, D(¢;s) = 0. Hence A¢(z,y;¢, m) can
be divided by A(¢). If two of sg,...,s,—1 coincide with each other, D(¢;s) = 0. So,
non-trivial terms of A¢(z,y;¢,m) are restricted to the case that sg,...,s,—1 are all
distinct. The smallest exponent |s| to  occurs only when the mapping i — s;, which
will be denoted by o, is a permutation of L, and then |s| = 2?2—01 si =n(n—1)/2.
Since Af(x,y;¢,m) is symmetric with respect to £,z and mgy, As(x,y;¥¢,m) can
be divided by A(m), non-trivial terms of As(x,y;¢, m) are restricted to the case
that tg,...,t,—1 are all distinct, and the smallest exponent || to y occurs when the
mapping i — t;, which will be denoted by 7, is a permutation of L,,.

Thus the leading term of Af(x,y;¢,m) is of order x™(n=1)/2yn(n=1)/2
coefficeint is given by

and its

Z QA5 (0)+7(0) L Ao (n—1)4+7(n—1)
2 GO+ O @l D+ (= D)
(35) X O'(O)+T(O)CO'(0) to 0'(7L—1)+T(n—1)c<7(n—1)

« (,mO)U(O) . (,mn_l)a(nfl)p(g; 7),
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where 7 := (7(0),...,7(n—1)). Since D(¢;7) = sgn7 A(¢), the quantity (3.5) is equal
to

30 5 e

aO'(O )+7(0) o Qs (n—1)+7(n—1)
(3:6) {;: T 0) +70) (o(n— 1)+ 7(n— 1))

(7(0)+7'(0)C¢7(0) e n(n—1)+7(n—1)ca'(n—1)}°
Substitute 7 = 77¢ in (3.6). Then the above quantity is equal to

A(f) Z (—mo)o(o) - (_mnil)o(n—l)

oES,

’ Ao (0)+7/0(0) L Ao(n—1)+7"0(n—1)
8 {; AT ST 0) + 7o) (o(n—1) + ro(n — 1))

X 5(0)+75(0)Co(0) " a(n—l)-‘r'r’a(n—l)ca(n—l)}

(3.7)
) Z sgna(—mo)a(o) . (_mnq)a("_l)
gESy a .
"<0 +70(0) _ Po(n—b+rio(n=1)
T; SgnT +7’0’(0))' (U(n— 1)+T,U(1’L—1))'
U(O)+T/U(O)CU(0) U U("—1)+T’a(n—1)ca(n—1) }
Since
n—1 n—1
[[cea)=T]c6
1=0 i=0

for any Gv the quantity (37) is equal to
0) Z sgna(—mo)a(o) . (_mnil)o(n—l)

o€Sn
aOJrT’(O) A(n—1)+7/(n—1)
{T; a +70) (n—=1)+7(n-1))!
XW+T@»a“«n—D+fm—1w}
00 - DLl

( )n(n 1)/2 /
- {0 (n—1)1}2 A(0)A(m) Té SN T Ao y77(0) " A(n—1)+7/(n—1)
— ADAmn(f). ;

Note that only {a;};—o,1,..2(n—1) is needed to determine c,(f).

COROLLARY 3.3. For A\ € C\{0},
(3.8) e (FO) = A" Ve, (F(1)).

Proof. Applying Lemma 3.1 with £ =m = (0,...,n — 1), we have
(,1)n(n71)/2

{0l (n—=1)1}2
(_1)n(n—1)/2

{0l (n—=1)1}2

= Ann=De, (f(t)). O

en (D)) det (APH9

ap+q) (P,@)€ELn XLy

A\r(n=1)/24n(n=1)/2 4ot (ap+q)(p DELnxL
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For a real number ¢, we denote by [t] the largest integer no greater than t.
LEMMA 3.4. Assume that f is an even holomorphic function in a neighbourhood
of the origin having the repersentation (3.2). Then

det(a =det(a
( p+q)(p7Q)€LnXLn ( 2(p/+q/))(P'aq/)eL[(n+l)/2]XL[("+1)/2]

x det (a2(p”+q”+1)) (p",q"")EL[n /21 X Liny2)

Proof. Since f is even, a = 0 for any odd k and non-trivial terms of the deter-
minant

(3.9) det(ap+q) () gyer, xn, = D SN T A0 r(0) A1)t (n-1)
TESH

satisfy k = 7(k) mod 2 for k € L,,. Hence every permutation 7 giving a non-trivial
term of the right hand side of (3.9) can be represented as 7 = 7172, where 7 fixes odd
numbers and 7o fixes even numbers, so that 7; can be identified with 7/ € Si(n+1)/2]
by the isomorphism

T(2K') =27'(K'), K € Ligns1)/y
and 73 can be identified with 7" € Sy, /5) by the isomorphism
(2K +1) =27"(K") +1, k" € Ly, 9.
Since

n2(2k') = 11 (2K') = 27'(K'), k' € Litny1)/2),

T17'2(2k// +1) = 7'1(27’”(k//) +1) = 27'//(](,‘”) +1, kK'e L[n/Q]
and
sgnTy =sgnt’, sgnte =sgnt’,

the non-trivial terms of the right hand side of (3.9) is

Z SENTIT2 Q047 75(0) * * * A2[(n4+1) /2471172 (2[(n+1)/2])

X Q1 q7i75(1) " O2[n/2]+14+7172(2[n/2]+1)
= > SENT' 2.04217(0) ** * A2((n+1)/2)+27 ([(n+1)/2))
7' € Si(nt1)/2)
7" € Snya)

"
X SN T A2.041427"(0)+1 """ A2[n/2]+1+27" ([n/2])+1

= det(a
( 2(p/+q/))(p/vql)EL[('rL+1)/2]XL[(7L+1)/2]

x det(ag(f’”””“))(p”,q“)eL[n/mXL[n/z]' .
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Now, let us calculate ¢, (f) with f = sinct, which will be denoted by ¢, (sinct).
To do this, we will use the following lemma, which is well-known as the determinant
of the Cauchy matrix; see e.g. [7, Lemma 7.6.A].

LEMMA 3.5. Let f - (§0a€17"'a§]\771)777 = ("7077717""77]\771) S CN with fp +
Ng 7 0 for any p,q € Ly. Then it holds that

) _ A©A@
&p + Mg/ (p)ELn XLy Hp,qeLN (&p + 7q)

(3.10) det(

As a corollary, we have
COROLLARY 3.6. Let r be a positive number. Then

1 211 (2N — 2)11}2
(3.11) det(4> S M
2p+2q+r/ waeLnxiy 1, en (20 +2¢+7)
Proof. Substituting &, =, = 2p+r/2 in (3.10), we have (3.11). O
LEMMA 3.7.
7Tn(n—1)
(3.12) cp(sinct) =

~ {3051 (20 = 3)112(2n — )T

Proof. When f(t) = sinc(t/n),
agp = (—l)k/(Qk—l—l), ask+1 =0, k ENU{O}
By virtue of Corollary 3.3 with A = 1/7 and Lemma 3.2, we have

cn(sinct) =g Ve, (sinct/7)

-1 n(n—1)/2,_n(n—1)

(=1 T det(a + ) .
o (n—1))2 P+a) (p,q) €L x Ln

Since sinc(t/m) is even, Lemma 3.4 and Lemma 3.1 with A = —1 yield

(_1)p'+q'

det(a = det(—)
( p+q)(p’q)eL”XL” 2(p" +q') + 1/ (0,0 €L g1y 21 X Lint1) /2

(71)p//+q1/+1 )
2(19” +q" + 1) + 1/ (p",q" €L jo) X Lin )2

X det(

1

()
2(p" +q') + 1/ 00 €L (1) j21 X Lignsn) 2]

1)
2(]?” +q¢"+1)+1 (p",q"")ELn 2 XL[n/Z]'

x (—1)/2 det(

Thus we have

) ,n.n(nfl)
Cn(SlnC t) = m
1
3.13 -
( ) x det (2p’ +2¢' + 1)(1’/1‘1’)€L[<n+1>/21 XL(n+1)/2]
1
x det (—2p” i 2q” T 3)(1)'/,(]”)6[/[71/2] X Lin /2] ’
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where we have used the fact that n(n —1)/2 + [n/2] = 0 mod 2.
Now, let us calculate the each factor of the right hand side of the equation (3.10).

Ol (n— 1)1 =21+ (2[(n+1)/2] — 2)! x 113!+ (2[n/2] — 1)!

=2l (2(n 4+ 1)/2] — 2N - 31 (2[(n +1)/2] — )N
x 2 (2[n/2] — 2)1 - 3N (2[n/2] — 1),

{20 @+ 1)/2] - 21

1
et<7) ,
2p +2q + 17/ (p.a)€L((n+1) 20 X Li(n+1) /2] Hp7qel,[(n+1)/2] (2p +2q + 1)

and
of ) 2l 22 - 2
2p 4 2q + 3/ (0,9)€L{n/2) X Lin 2 Hp’qeL . (2p+2g+3)°
where we have used Corollary 3.6 with r = 1, N = [(n + 1)/2] and with r = 3, N =
[n/2].

Substituting these equations into (3.13), we have

(3.14) ¢, = an(n—1)

1

B Rl + 172 = 9 Moey geionrny o1 20+ 20+ 1)
1

“ BN 2/2] — DN [ loey geryo 120+ 24+ 3)

The denominator in the second factor of the equation (3.14) is

[(n+1)/2]—2 [(n+1)/2]-1
I @@+or- ] -@i-v- 11 (2p+2¢+ 1)
j=1 j=0 0<p,a<[(n+1)/2]-1

=TIy o T ep - DTG 2p + 20 4+ 1)
= [ICFYA2 + nn TICE A 2p 4 of(n + 1) /2] - 1)

[ 0/2=295 4 1y

Jj=

Similarly, the denominator in the third factor of the equation (3.14) is

2[n/2]—1

IT @i+

j=1
Thus we have (3.12). O

The following constant d,, will be needed in Section 4.

1 (n=1),
(3.15) d, = cn_l(.smc t) (n>2).

cn(sinct)

We have easily
COROLLARY 3.8.

(3.16) dp := (2n — 3)11(2n — DI —2(=D),
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4. Expansion of T/\_A1 and T/\_A1 Tz\m- In this chapter, we shall show Claim 2
as Theorem 4.1 and Claim 3 as Theorem 4.2. Remember that M = {mq,...,my_1}
with mg < my < -+ < myu_1 is the index set of the lost samples. We denote the
relative distance between m, and m, by

Mg = | Mg — My for  p,gelL,
and the product of the inverse of the relative distances with the origin m, by
1
Kq = H m—
peLn\{a} "7

Then, we have the following:
THEOREM 4.1. Let T be defined by (1.8). Then we have

41) Tyl = x—Q(”—an((_nmﬁpr (=)t + O(xz))

(p,@)E€ELn XLy,

as x tends to 0, where d,, is defined by (3.15).
Proof. Since

To = ((—1)"»~ ™4 sinc(myx — qu))(p,tI)GLnXLn ’

by Lemma 3.2, we have

(4.2) det Thi = Aginct(x, z3m,m)
: = A(m)Qx"("_l){cn(sinC t)+O(z)},
where m = (mg,...,m,—_1). We denote

m® = (MO, -« oy Mp—1, My, M1y - -, Myy_1) € Z" Y pelL,.
By easy calculation, we have
A(m®P)) = A(m)K,.

Applying Lemma 3.1 with A = —1 and Lemma 3.2, we have that the cofactors of T'x4
are

Ay, = (=1)PFa(=1)Iml=me (_pylmi=ma AL (@, 2 m P m @)
- (_1)p+q+mp+qu(m(p))A(m(Q))x(n—l)(n—Q){cn_l(sinc t) + O(m)}
= (—1pratmetma A ()2 K, K a2 {e, (sinct) + O(z)}.
Hence,
Tt

B ((_1)p+q+mp+mqA(m)2Kqux(n—1)(n*2) {cn,l(sinc t) + O(x)})
B A(m)2zm(n=1) {c, (sinct) + O(z) } (P,Q)ELn X L,

— 27200, (1)K, - (<), 4 O()) .
z n| (1) pe (=1) g+ O(x) I
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Since sinct is even, its Taylor expansion has only even power terms and the remainder
term O(z) in T, can be replaced by O(z?). O

Remark 1: When the distances between the elements of M go larger, K,’s go
smaller and the singularity of Tx,ll become smaller. For example, if one element of M
has a distance from the others of order 1/z, K, are of order z"~! and the singularity
of the leading term of T/\_,t1 disappears.

Now, let us calculate TX,}TZ\ M-

THEOREM 4.2. Let j € L, and k € Z\M. The (j, k) component of TX,}TZ\M is

(4.3) SNt | M=k L o).

my, — 1My
peL\{5} P J

Proof. Let m(j, k) € Z™ be m with the jth component replaced by k. We put the
(4, k) component of T;llTZ\M, Cj 1/ detTpq. By Cramer’s formula, we have

Cik
= determinant of the matrix [((fl)mP*mq sinc(mpx — qu))(p QeLnxT

with the jth column repalced by (—1)™»~*+1sinc(myz — k)]

= (—=1)mi=k*1 x determinant of the matrix |(sinc(m,z — qu))(p QELn XL

with the jth column repalced by sinc(m,z — kz)]
= (_1)mj_k+1Asinct(xax;mam(j7 k))
(—=1)mi —F LA (m) A(m(7, k))x”(”fl){cn(sinc t)+O(x)},

which with (4.2) shows (4.3). O

Remark 2: The leading term of (4.3) is of order O(k"~1) as k tends to oo so that
the determinant defined by its leading term does not give a bounded operator from
(£?) to C™.
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