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Abstract. Let A be a simple separable nuclear C∗-algebra with a unique
tracial state and no unbounded traces, and let α be a strongly outer action of
a finite group G on A. In this paper, we show that α⊗ id on A⊗W has the

Rohlin property, where W is the Razak-Jacelon algebra. Combing this result
with the recent classification results and our previous result, we see that such

actions are unique up to conjugacy.

1. Introduction

Let O2 be the Cuntz algebra generated by 2 isometries. It is known that O2 is
a simple separable unital nuclear purely infinite C∗-algebra, and is KK-equivalent
to {0}. Kirchberg and Phillips showed that a simple separable unital nuclear C∗-
algebra B is isomorphic to O2 if and only if B has an asymptotically central inclu-
sion of O2 in [25]. In particular, if A is a simple separable unital nuclear C∗-algebra,
then A ⊗ O2 is isomorphic to O2. It is known that O2 plays an important role in
the classification of nuclear C∗-algebra (see, for example, [15] and [41]).

Let W be the Razak-Jacelon algebra studied in [22], which is a certain simple
separable nuclear stably projectionless C∗-algebra having trivial K-groups and a
unique tracial state and no unbounded traces. Note that W is KK-equivalent to
{0} and O2. Hence we may regard W as a stably finite analogue of O2. Combing
Elliott, Gong, Lin and Niu’s result [10] and Castillejos and Evington’s result [2] (see
also [3]), we see that if A is a simple separable nuclear C∗-algebra with a unique
tracial state and no unbounded traces, then A ⊗W is isomorphic to W. We refer
the reader to [9], [10] (see also [12] and [18]) and [19] for recent progress in the
classification of stably projectionless C∗-algebras.

In the theory of operator algebras, the classification of group actions is one of the
most fundamental problems and has a long history. There exists a complete classifi-
cation of actions of countable amenable groups on approximately finite dimensional
(AFD) factors. Although there exist some successes in the classification of group ac-
tions on “classifiable” C∗-algebras, the classification of countable amenable group
(outer) actions on “classifiable” C∗-algebras is far from complete because of K-
theoretical obstructions. We refer the reader to [21] and the references given there
for details and results in the classification of group actions on operator algebras.
We shall review only some results that are directly related to this paper.

Connes [5] classified finite cyclic group actions on the AFD factor R0 of type II1
up to conjugacy. More generally, Jones [23] classified finite group actions on R0.
In particular, outer actions of a finite group on R0 are unique up to conjugacy.

In [20], Izumi introduced the Rohlin property of finite group actions on unital C∗-
algebras and showed an equivariant version of the Kirchberg-Phillips type theorem
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for finite group actions on O2. Indeed, he characterized Rohlin actions on O2

by using the fixed point subalgebra of the central sequence C∗-algebra of O2 and
showed that if α is an outer action of a finite group G on a simple separable unital
nuclear C∗-algebra A, then α⊗ id on A⊗O2 has the Rohlin property. In particular,
such actions are unique up to conjugacy. Note that Izumi also showed that there
exist uncountably many mutually non-conjugate outer actions of Z2 on O2. Also,
Goldstein and Izumi obtained an equivariant Kirchberg-Phillips type result for finite
group actions on O∞ in [17].

Remarkably, Szabó generalized Izumi’s result to countable amenable group ac-
tions in [49]. He showed that countable amenable group outer actions on O2 that
equivariantly absorb the trivial action on O2 are unique up to strong cocycle con-
jugacy. Note that Szabó considered more general settings and obtained results for
strongly self-absorbing C∗-dynamical systems. See [46], [47], [48], [49], [50] and [51].

In this paper, we shall consider an equivariant Kirchberg-Phillips type result
for finite group actions on W. Indeed, we shall show that if α is a strongly outer
action of a finite group G on a simple separable nuclear C∗-algebra A with a unique
tracial state and no unbounded traces, then α⊗id on A⊗W has the Rohlin property
(Theorem 6.4). Since the author showed that Rohlin actions of a finite group on
W are unique up to conjugacy in [36], we see that such actions are unique up to
conjugacy by Elliott, Gong, Lin and Niu’s result and Castillejos and Evington’s
result. Indeed, we obtain the following theorem.

Theorem. (Corollary 6.5)
Let A and B be simple separable nuclear C∗-algebras with a unique tracial state
and no unbounded traces, and let α and β be strongly outer actions of a finite
group G on A and B, respectively. Then α ⊗ id on A ⊗W is conjugate to β ⊗ id
on B ⊗W.

Our main result (Theorem 6.4) is shown by using a cohomolgy vanishing type
result (Lemma 6.2). The proof of Lemma 6.2 is based on Connes’ 2×2 matrix trick
in [5, Corollary 2.6]. We need to consider the comparison theory for projections in
the fixed point subalgebra F (A⊗W)α⊗id of the central sequence C∗-algebra ofA⊗W
for Connes’ 2×2 matrix trick. We obtain this as a corollary of a classification up to
unitary equivalence of certain normal elements in F (A⊗W)α⊗id. This classification
is based on arguments in [37] where the author classified certain unitary elements
and projections in F (W) up to unitary equivalence.

This paper is organized as follows. In Section 2, we collect notations, definitions
and some results. In Section 3 and Section 4, we show a variant of [37, Corollary
3.8], which is a main technical tool in this paper. In particular, we introduce a (non-
separable) C∗-algebra Bγ , and show that Bγ has strict comparison (Proposition 3.8)
in Section 3. Note that Bγ is a target algebra of a (natural) homomorphism from
F (A⊗W)α⊗id⊗W. The proof of Proposition 3.8 is essentially based on arguments
in [32], [33] and [34]. In particular, it is important to consider the property (SI) and
the weak Rohlin property. These concepts were introduced by Sato in his pioneering
work [43] and [44] (see also [27]). We refer the reader to [45] for recent progress of
such type arguments. Section 4 is essentially based on arguments in [12] (see [37,
Section 3]). In Section 5, we classify certain normal elements in F (A⊗W)α⊗id up
to unitary equivalence (Theorem 5.3), and show a comparison theorem for certain
projections in F (A⊗W)α⊗id (Corollary 5.5). In Section 6, we show the main result
in this paper.

2. Preliminaries

In this section we shall collect notations, definitions and some results.
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For a C∗-algebra A, let A+ denote the set of positive elements in A and A+,1

the set of positive contractions in A. For x, y ∈ A, let [x, y] be the commutator
xy − yx. We denote by K(H) and Mn∞ for n ∈ N the C∗-algebra of compact
operators on a Hilbert space H and the uniformly hyperfinite (UHF) algebra of
type n∞, respectively.

2.1. Approximate units and actions. If A is a separable C∗-algebra, then there
exists a positive element s ∈ A such that sA is dense in A. Such a positive element
s is said to be strictly positive in A. For any n ∈ N, define fn : [0, 1] → R by

fn(t) :=


0 t ∈ [0, 1

n+1 ]

n(n+ 1)t− n t ∈ ( 1
n+1 ,

1
n ]

1 t ∈ ( 1n , 1]

.

If s is a strictly positive element in A and ∥s∥ = 1, then {fn(s)}n∈N is an approxi-
mate unit for A with fn+1(s)fn(s) = fn(s). Let A

∼ denote the unitization algebra
of A. Note that we assume A∼ = A if A is unital. Let M(A) be the multiplier
algebra of A, which is the largest unital C∗-algebra that contains A as an essential
ideal. If α is an automorphism of A, then α extends uniquely to an automorphism
of M(A). We denote it by the same symbol α for simplicity.

We denote by Aut(A) the automorphism group of A. An automorphism α of A
is said to be inner if there exists a unitary element u in M(A) such that α(x) =
Ad(u)(x) = uxu∗ for any x ∈ A. For a subset F of A and ε > 0, we say a completely
positive (c.p.) map φ : A→ B is (F, ε)-multiplicative if

∥φ(xy)− φ(x)φ(y)∥ < ε

for any x, y ∈ F .
An action α of a discrete group G on A is a homomorphism from G to Aut(A).

We say that α is outer if αg is not inner for any g ∈ G \ {ι} where ι is the identity
of G. An α-cocycle is a map w from G to the unitary group of M(A) such that
w(gh) = w(g)αg(w(h)) for any g, h ∈ G. We say that an α-cocycle w is a coboundary
if there exists a unitary element v inM(A) such that w(g) = vαg(v

∗) for any g ∈ G.
For two G-actions α on A and β on B, we say that α and β are conjugate if there
exists an isomorphism θ from A onto B such that θ ◦ αg = βg ◦ θ for any g ∈ G.

Every tracial state τ on A extends uniquely to a tracial state on M(A). We
denote it by the same symbol τ for simplicity. Let (πτ ,Hτ ) be the Gelfand-Naimark-
Segal (GNS) representation of A associated with τ . Then τ extends uniquely to

a normal tracial state τ̃ on πτ (A)
′′
. If α is an automorphism of A such that

τ ◦α = τ , then α extends uniquely to an automorphism α̃ of πτ (A)
′′
. Moreover if α

is an action of G on A such that τ ◦αg = τ for any g ∈ G, then α extends uniquely

to a von Neumann algebraic action α̃ on πτ (A)
′′
. We say that an action α of G on

a C∗-algebra A with a unique tracial state τ is strongly outer if α̃g is not inner in

πτ (A)
′′
for any g ∈ G \ {ι}.

2.2. Kirchberg’s central sequence C∗-algebras. We shall recall Kirchberg’s
central sequence C∗-algebras in [24] (see also [35, Section 5] and [37, Section 2.2]).
Fix a free ultrafilter ω on N. For a C∗-algebra A, put

cω(A) := {{xn}n∈N ∈ ℓ∞(N, A) | lim
n→ω

∥xn∥ = 0}, Aω := ℓ∞(N, A)/cω(A).

A sequence (xn)n is a representative of an element in Aω. Let B be a C∗-subalgebra
of A. We identify A and B with the C∗-subalgebras of Aω consisting of equivalence
classes of constant sequences. Set

Aω := Aω ∩A′, Ann(B,Aω) := {(xn)n ∈ Aω ∩B′ | (xn)nb = 0 for any b ∈ B}.
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Then Ann(B,Aω) is a closed ideal of Aω ∩B′. Define a central sequence C∗-algebra
F (A) of A by

F (A) := Aω/Ann(A,Aω).

If {hn}n∈N is a countable approximate unit for A, then [(hn)n] is a unit in F (A). It
can be easily checked that F (A) is isomorphic to M(A)ω ∩A′/Ann(A,M(A)ω) and
A∼

ω/Ann(A, (A
∼)ω). If α is an automorphism of A, α induces natural automor-

phisms of Aω, Aω and F (A). We denote them by the same symbol α for simplicity.
For a tracial state τ on A, define τω([(xn)n]) := limn→ω τ(xn). Then τω is a well
defined tracial state on F (A) by [37, Proposition 2.1].

2.3. Razak-Jacelon algebra. Let W be the Razak-Jacelon algebra studied in
[22], which is a simple separable nuclear C∗-algebra with a unique tracial state and
no unbounded traces, and is KK-equivalent to {0}. The Razak-Jacelon algebra W
is constructed as an inductive limit C∗-algebra of Razak’s building block in [39]. Let
S1 and S2 be the generators of the Cuntz algebra O2. For every λ1, λ2 ∈ R, define
a flow γ on O2 by γt(Sj) = eitλjSj . Kishimoto and Kumjian showed that if λ1 and
λ2 are all non-zero, of the same sign and λ1 and λ2 generate R as a closed subgroup,
then O2⋊γ R is a simple stably projectionless C∗-algebra with unique (up to scalar
multiple) trace in [28] and [29]. Robert showed that W⊗K(ℓ2(N)) is isomorphic to
O2 ⋊γ R for some λ1 and λ2 in [40]. (See also [8].) Razak’s classification theorem
[39] implies that W is UHF-stable, and hence W is Z-stable.

2.4. Corollaries of Matui and Sato’s results. We shall collect some corollaries
of Matui and Sato’s results in [31] and [33]. Although they assume that C∗-algebras
are unital, their arguments for the following results work for non-unital C∗-algebras
by suitable modifications (see [35] and [37]).

First, we recall the definition of the weak Rohlin property. See [31, Definition
2.7] and [33, Definition 2.5]. Note that Matui and Sato define the weak Rohlin
property for more general settings.

Definition 2.1. Let A be a simple C∗-algebra with a unique tracial state τ , and
let α be an action of a finite group G on A. We say that α has the weak Rohlin
property if there exists an positive contraction f in F (A) such that

αg(f)αh(f) = 0, τω(f) =
1

|G|
for any g, h ∈ G with g ̸= h.

Essentially the same proof as [31, Theorem 3.4] shows the following theorem.
See also the proof of [37, Lemma 6.2] and [33, Theorem 3.6].

Theorem 2.2. Let A be a simple separable nuclear C∗-algebra with a unique
tracial state and no unbounded traces, and let α be an action of a finite group G
on A. Then α has the weak Rohlin property if and only if α is strongly outer.

Essentially the same proofs as [33, Lemma 4.7] and [33, Proposition 4.8] show
the following proposition. See also [34, Propostion 3.3] and [1, Theorem 4.1]. Note
that if A is a simple separable nuclear C∗-algebra with a unique tracial state and
no unbounded traces, then A⊗W has property (SI) since W is Z-stable (see [42],
[32] and [35]).

Proposition 2.3. Let A be a simple separable nuclear C∗-algebra with a unique
tracial state and no unbounded traces, and let α be a strongly outer action of a
finite group G on A. Then:
(i) F (A⊗W)α⊗id has a unique tracial state τω.
(ii) If a and b are positive elements in F (A ⊗ W)α⊗id satisfying dτω (a) < dτω (b),
then there exists an element r ∈ F (A⊗W)α⊗id such that r∗br = a.
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2.5. Rohlin property and properties of F (A ⊗W)α⊗id. We shall recall some
results in [36] (see also [16]) and [37].

Definition 2.4. (cf. [20, Definition 3.1] and [36, Definition 3.1]). An action α of
a finite group G on a separable C∗-algebra A is said to have the Rohlin property if
there exists a partition of unity {pg}g∈G ⊂ F (A) consisting of projections satisfying

αg(ph) = pgh,

for any g, h ∈ G.

For any finite group G, there exists an action of G onW with the Rohlin property
by [36, Example 3.2]. The following theorem is [36, Corollary 3.7].

Theorem 2.5. Let α and β be actions of a finite group G on W with the Rohlin
property. Then α and β are conjugate.

Note that there exists a strongly outer action α of Z2 on W such that α does
not have the Rohlin property (see [36, Example 5.6]).

Since we can regard F (W) is a unital C∗-subalgebra of F (A⊗W)α⊗id, we obtain
the following proposition by [37, Proposition 4.2] and Proposition 2.3.

Proposition 2.6. Let τω be the unique tracial state on F (A⊗W)α⊗id.
(i) For any N ∈ N, there exists a unital homomorphism from MN (C) to F (A ⊗
W)α⊗id.
(ii) For any θ ∈ [0, 1], there exists a non-zero projection p in F (A ⊗W)α⊗id such
that τω(p) = θ.
(iii) Let h be a positive element in F (A ⊗W)α⊗id such that dτω (h) > 0. For any

θ ∈ [0, dτω (h)), there exists a non-zero projection p in hF (A⊗W)α⊗idh such that
τω(p) = θ.

Using the proposition above instead of [37, Proposition 4.2], the same arguments
as in [37, Section 4] show the following proposition.

Proposition 2.7. (cf. [37, Proposition 4.8]). Let p and q be projections in F (A⊗
W)α⊗id such that τω(p) < 1 where τω is the unique tracial state on F (A⊗W)α⊗id.
Then p and q are Murray-von Neumann equivalent if and only if p and q are unitarily
equivalent.

3. Target algebra

In the rest of this paper, we assume that A is a simple separable nuclear C∗-
algebra with a unique tracial state τA and no unbounded traces, and α is a strongly
outer action of a finite group G on A. Define an action γ on A⊗W by γ := α⊗ id.
Let τW denote the unique tracial state on W, and let τ := τA ⊗ τW on A⊗W. For
any a ∈ A and b ∈ W, we regard a⊗ 1W∼ and 1A∼ ⊗ b as elements in M(A⊗W).
Put

A := {(xn)n ∈ (A⊗W)ω | ([xn, a⊗ 1W∼ ])n = 0 for any a ∈ A}
and

I := {(xn)n ∈ A | (xn(a⊗ 1W∼))n = 0 for any a ∈ A}.
Then I is a closed ideal of A, and define B := A/I. Note that for any [(xn)n] ∈ B,

∥[(xn)n]∥ = sup
a∈A+,1

lim
n→ω

∥xn(a⊗ 1W∼)∥.

Indeed, let ∥[(xn)n]∥′ := supa∈A+,1
limn→ω ∥xn(a ⊗ 1W∼)∥ for any [(xn)n] ∈ B.

Then it can be easily checked that ∥ · ∥′ is a well defined C∗-norm on B. By the
uniqueness of the C∗-norm, ∥[(xn)n]∥ = ∥[(xn)n]∥′ for any [(xn)n] ∈ B. The action
γ on A ⊗ W induces a natural action on B. We denote it by the same symbol γ
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for simplicity. In this section we shall consider properties of the fixed point algebra
Bγ .

Consider the GNS representation (πτ ,Hτ ) of A ⊗ W associated with τ . Note
that πτ extends to a representation πτ of M(A⊗W) on Hτ and πτ (M(A⊗W)) ⊂
πτ (A⊗W)′′ (see, for example, [38, 3.12]). Put

M := ℓ∞(N, πτ (A⊗W)′′)/{{xn}n∈N | lim
n→ω

τ̃(x∗nxn) = 0},

and define a homomorphism Π from A to M by Π(a) := (πτ (a ⊗ 1W∼))n. Note
that M is a von Neumann algebraic ultrapower of πτ (A⊗W)′′. Since τ = τA⊗ τW ,
πτ (A⊗W)′′ is isomorphic to πτA(A)

′′⊗̄πτW (W)′′. Moreover, πτ (A⊗W)′′, πτA(A)
′′

and πτW (W)′′ are isomorphic to the AFD II1 factor R0. Set

M :=M ∩Π(A)′.

It is easy to see that M is isomorphic to (R0⊗̄R0)
ω ∩ (R0⊗̄C)′ where (R0⊗̄R0)

ω

is the von Neumann algebraic ultrapower of R0⊗̄R0.

Proposition 3.1. With notation as above, M is a factor of type II1.

Proof. Let {Nn}∞n=1 be an increasing sequence of finite-dimensional subfactors such
that R0 = (

∪∞
n=1Nn)

′′. Since (R0⊗̄R0)∩ (Nn⊗̄C)′ = (R0 ∩N ′
n)⊗̄R0 is a factor of

type II1, the same proof as in [52, Theorem XIV.4.18] shows this proposition. □
The action γ̃ = α̃ ⊗ id on πτ (A⊗W)′′ ∼= πτA(A)

′′⊗̄πτW (W)′′ induces an action
on M. We denote it by the same symbol γ̃ for simplicity. The following lemma is
essentially based on [4, Proposition 2.1.2].

Lemma 3.2. The action γ̃ on M is outer.

Proof. It is enough to show that for any element (un)n in (R0⊗̄R0)
ω ∩ (R0⊗̄C)′,

there exists an element (xn)n in (R0⊗̄R0)
ω ∩ (R0⊗̄C)′ such that (γ̃(xn))n ̸= (xn)n

and [(xn)n, (un)n] = 0.
Let (un)n be an element in (R0⊗̄R0)

ω ∩ (R0⊗̄C)′. By [52, Theorem XIV.4.16],
there exists an element (an)n in Rω

0 ∩ R′
0 such that (α̃(an))n ̸= (an)n because α̃

is outer and R0 is the AFD II1 factor. Put (xn)n := (an ⊗ 1R0
)n in (R0⊗̄R0)

ω.
Then (γ̃(xn))n ̸= (xn)n and [(xn)n, y] = 0 for any y ∈ R0⊗̄R0. Taking a suitable
subsequence of (xn)n, we obtain the conclusion. □

By Proposition 3.1 and Lemma 3.2, we obtain the following proposition.

Proposition 3.3. The fixed point algebra Mγ̃ is a factor of type II1.

Define a homomorphism Φ from (A⊗W)ω to M by Φ((xn)n) := (πτ (xn))n. By
Kaplansky’s density theorem, we see that Φ is surjective. It is easy to see that Φ
maps A into M. The following proposition is essentially based on [26, Theorem
3.3] and [34, Theorem 3.1].

Proposition 3.4. The restriction Φ|A : A → M is surjective.

Proof. Let x be a contraction in M. Then there exists a contraction (xn)n in
(A⊗W)ω such that Φ((xn)n) = x. Let D be a C∗-subalgebra of (A⊗W)ω generated
by {((a ⊗ 1W∼)xn)n, (xn(a ⊗ 1W∼))n | a ∈ A}, and put I := ker Φ|D. Then the
rest of proof is same as the proof of [34, Theorem 3.1]. □

Let {hn}n∈N be an approximate unit for A. Since limn→∞ τ(hn ⊗ 1W) = 1,
a similar argument as in the proof of [37, Proposition 2.1] shows I ⊂ ker Φ|A.
Therefore Φ|A induces a surjective homomorphism ϱ from B to M. Since γ is an
action of a finite group, it is easy to show the following proposition.

Proposition 3.5. The restriction ϱ|Bγ : Bγ → Mγ̃ is surjective.
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The following lemma is essentially based on [34, Lemma 3.2]. This lemma may
be considered that a homomorphism a 7→ a ⊗ 1W∼ from A to M(A ⊗ W)ω has
“property (SI) with respect to A⊗W”.

Lemma 3.6. Let (xn)n and (yn)n be positive contractions in A such that

lim
n→ω

τ(xn) = 0 and inf
m∈N

lim
n→ω

τ(ymn ) > 0.

Then there exists an element (sn)n in A such that (s∗nsn)n = (xn)n and (ynsn)n =
(sn)n.

Proof. Similar arguments as in the proofs of [34, Lemma 3.2] and [32, Theorem 1.1]
with some modifications in [35, Section 5] show this lemma. Indeed, let φ be a pure
state on A. We can uniquely extend φ to a pure state φ̃ on A∼. Since we may
assume that A is a (separable simple) non-type I C∗-algebra, K(Hφ̃) ∩ πφ̃(A∼) =
{0}. Therefore [26, Proposition 5.9] implies that the identity map on A∼ can be
approximated in the pointwise norm topology by a completely positive map ψ of
the form

ψ(a) =
∑
i,j=1

φ̃(d∗i adj)c
∗
i cj , a ∈ A∼,

where ci, di ∈ A∼. Note that
∑

i,j=1 φ̃(d
∗
i adj)(c

∗
i cj ⊗ 1W∼)xn is an element in

A⊗W. Since A⊗W has strict comparison, a similar argument as in the proof of
[34, Lemma 3.2] (we need to use [35, Lemma 5.7]) shows that there exists a sequence
of (sn)n in A⊗W such that (fnsn)n = (sn)n and (s∗n(a⊗1W∼)sn)n = ((a⊗1W∼)en)
in (A⊗W)ω for any a ∈ A∼. Therefore we obtain the conclusion (see [35, Remark
5.5]). □

For any [(xn)n] ∈ B, let τB([(xn)n]) := limn→ω τ(xn). By a similar argument as
in the proof of [37, Proposition 2.1], τB is a well defined tracial state on B. The
following proposition is essentially based on [33, Proposition 4.5]. See also the proof
of [31, Theorem 4.7].

Proposition 3.7. Let x and y be positive contractions in Bγ such that

τB(x) = 0 and inf
m∈N

τB(y
m) > 0.

Then there exists an element s in Bγ such that s∗s = x and ys = s.

Proof. Let (xn)n and (yn)n be positive contractions in A such that x = [(xn)n] and
y = [(yn)n]. Then we have

(γg(xn)− xn)n(a⊗ 1W∼) = 0 and (γg(yn)− yn)n(a⊗ 1W∼) = 0

for any a ∈ A and g ∈ G. Since α is strongly outer, Theorem 2.2 implies that there
exists a positive contraction (fn)n in Aω such that

(αg(fn)αh(fn))na = 0 and lim
n→ω

τA(fn) =
1

|G|
for any a ∈ A and g, h ∈ G with g ̸= h. Let {kn}∞n=1 be an approximate unit for
W. Then we have (fn ⊗ kn)n ∈ A,

lim
n→ω

γg(fn ⊗ kn)γh(fn ⊗ kn)(a⊗ 1W∼) = 0 and lim
n→ω

τ(fn ⊗ kn) =
1

|G|
for any a ∈ A and g, h ∈ G with g ̸= h. Using [35, Lemma 5.6] instead of [32,
Lemma 4.6], a similar argument as in the proof of [33, Proposition 4.5] shows that
there exists a positive contraction (ỹn)n in A such that

(ỹn)n ≤ (yn)n, inf
m∈N

lim
n→ω

τ(ỹmn ) > 0 and lim
n→ω

γg(ỹn)γh(ỹn)(a⊗ 1W∼) = 0
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for any a ∈ A and g, h ∈ G with g ̸= h. By Lemma 3.6, there exists an element
(rn)n in A such that (r∗nrn)n = (xn)n and (ỹnrn)n = (rn)n. Since (yn)n is a positive
contraction and (ỹn)n ≤ (yn)n, we have (ynrn)n = (rn)n. Put

(sn)n :=
1

|G|
∑
g∈G

γg((rn)n) ∈ A.

Then we have

(γg(sn)−sn)n = 0, (s∗nsn−xn)n(a⊗1W∼) = 0 and (ynsn−sn)n(a⊗1W∼) = 0

for any a ∈ A and g ∈ G. Therefore, putting s := [(sn)n] ∈ Bγ , we obtain the
conclusion. □

The following proposition is essentially based on [33, Proposition 4.8] and [34,
Proposition 3.3].

Proposition 3.8. (i) τB is the unique tracial state on Bγ .
(ii) Bγ has strict comparison.

Proof. (i) By Proposition 3.3 and Proposition 3.5, it suffices to show that if [(xn)n]
is a positive contraction in ker ϱ|Bγ , then T ([(xn)n]) = 0 for any tracial state T
on Bγ . Note that [(xn)n]

1/2 ∈ ker ϱ|Bγ , and hence τB([(xn)n]) = 0. Let {en}n=1

be an approximate unit for A ⊗ W. Then it is easy to see that for any m ∈ N,
τB(([(en)n] − [(xn)n])

m) = 1. By Proposition 3.7, there exists an element s1 ∈ Bγ

such that s∗1s1 = [(xn)n] and ([(en)n] − [(xn)n])s1 = s1. Hence we have s1s
∗
1 ≤

[(en)n] − [(xn)n]. Since [(xn)n] + s1s
∗
1 is a positive contraction and τB([(xn)n] +

s1s
∗
1) = 0, the same argument as above shows that there exists an element s2 ∈ Bγ

such that s∗2s2 = [(xn)n] and ([(en)n] − [(xn)n] − s1s
∗
1)s2 = s2. Repeating this

process, for any N ∈ N, we obtain elements s1, s2, ..., sN in Bγ such that

s∗i si = [(xn)n] and [(xn)n] +

N∑
i=1

sis
∗
i ≤ [(en)n].

Since T is a tracial state and [(en)n] is a contraction, (N + 1)T ([(xn)n]) ≤ 1.
Therefore T ([(xn)n]) = 0.

(ii) SinceW⊗Mn(C) is isomorphic toW, it can be easily checked that Bγ⊗Mn(C)
is isomorphic to Bγ . Hence it is enough to show that if a and b are positive elements
in Bγ with dτB(a) < dτB(b), then there exists an element r in Bγ such that r∗br = a.
Using Proposition 3.3, Proposition 3.5 and Proposition 3.7 instead of [33, Lemma
4.2], [33, Theorem 4.3] and [33, Proposition 4.5], the same argument as in the proof
of [33, Proposition 4.8] shows this. Therefore the proof is complete. □

4. Stable uniqueness theorem

In this section we shall show a variant of [37, Corollary 3.8] which is based on
the results in [12](see also [10]), [11](see also [14]), [6] and [7].

First, we shall define a homomorphism ρ from F (A⊗W)γ to Bγ . Let {kn}∞n=1 be
an approximate unit for W with kn+1kn = kn, and let W0 := {knbkn | n ∈ N, b ∈
W}. Then W0 is a dense self-adjoint subalgebra of W. For any (xn)n ∈ (A⊗W)ω,
a ∈ A, b ∈ W and N ∈ N, we have

((1A∼ ⊗ kN )xn(1A∼ ⊗ b)(a⊗ 1W∼))n = ((1A∼ ⊗ kNkN+1)xn(a⊗ b))n

= ((a⊗ kNkN+1b)xn)n

= ((1A∼ ⊗ kN )xn(a⊗ kN+1b))n

= ((a⊗ kNkN+1)xn(1A∼ ⊗ b))n

= ((a⊗ 1W∼)(1A∼ ⊗ kN )xn(1A∼ ⊗ b))n.
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Hence ((1A∼ ⊗ kN )xn(1A∼ ⊗ b))n ∈ A. For any [(xn)n] ∈ F (A⊗W)γ and kNbkN ∈
W0, define

ρ([(xn)n]⊗ kNbkN ) := [((1A∼ ⊗ kN )xn(1A∼ ⊗ bkN ))n] ∈ B.

We shall show this is well defined. Let [(xn)n] = [(yn)n] ∈ F (A⊗W)γ and kNbkN =
kN ′b′kN ′ ∈ W0. For any a ∈ A, we have

(((1A∼ ⊗ kN )xn(1A∼ ⊗ bkN )− (1A∼ ⊗ kN ′)yn(1A∼ ⊗ b′kN ′))(a⊗ 1W∼))n

= ((1A∼ ⊗ kN )xn(a⊗ bkN )− (1A∼ ⊗ kN ′)yn(a⊗ b′kN ′))n

= ((a⊗ kNbkN )xn − (a⊗ kN ′b′kN ′)yn)n = ((a⊗ kNbkN )(xn − yn))n = 0.

Therefore [((1A∼ ⊗ kN )xn(1A∼ ⊗ bkN ))n] = [((1A∼ ⊗ kN ′)yn(1A∼ ⊗ b′kN ′))n]. By
a similar argument, it can be easily checked that ρ is a homomorphism from the
algebraic tensor product F (A⊗W)γ ⊙W0 to Bγ . Since we have

∥ρ([(xn)n]⊗ kNbkN )∥ = sup
a∈A+,1

lim
n→ω

∥(1A∼ ⊗ kN )xn(1A∼ ⊗ bkN )(a⊗ 1W∼)∥

= sup
a∈A+,1

lim
n→ω

∥(a⊗ kNbkN )xn∥

≤ sup
a∈A+,1

lim
n→ω

∥a∥∥kNbkN∥∥xn∥

= lim
n→ω

∥xn∥ · ∥kNbkN∥,

ρ can be extended to a homomorphism from the algebraic tensor product F (A ⊗
W)γ ⊙ W to Bγ . Consequently, ρ can be extended to a homomorphism from
F (A ⊗W)γ ⊗W to Bγ because W is nuclear. By the construction of ρ, it is easy
to show the following proposition.

Proposition 4.1. Let (zn)n be an element in A such that [(zn)n] = ρ([(xn)n]⊗ b)
for some [(xn)n] ∈ F (A⊗W)γ and b ∈ W. Then

(zn(a⊗ 1W∼))n = (xn(a⊗ b))n

for any a ∈ A.

Remark 4.2. Note that there exists an element (xn)n in (A ⊗ W)ω such that
(xn)n /∈ A. Indeed, if a is not an element in the center of A, (a ⊗ (k2n − kn))n is
such an element. But we do not know whether there exist (xn)n ∈ (A⊗W)ω and
b ∈ W such that (xn(1A∼ ⊗ b))n /∈ A.

The following lemma is an analogous lemma of [37, Lemma 3.6].

Lemma 4.3. If x is a positive element in F (A⊗W), then

τB(ρ(x⊗ b)) = τω(x)τW(b)

for any b ∈ W.

Proof. Let (zn)n be an element in A such that [(zn)n] = ρ(x⊗ b), and let {hn}∞n=1

be an approximate unit for A. Note that τB(ρ(x ⊗ b)) = limn→ω τ(zn). Since
limn→∞ τ(hn⊗ 1W) = 1, a similar argument as in the proof of [35, Proposition 5.3]
shows

lim
n→ω

τ(zn) = lim
m→∞

lim
n→ω

τ(zn(hm ⊗ 1W∼)).

By Proposition 4.1 and [37, Lemma 3.6],

lim
n→ω

τ(zn(hm ⊗ 1W∼)) = τω(x)τ(hm ⊗ b) = τω(x)τA(hm)τW(b)

for anym ∈ N. Therefore τB(ρ(x⊗b)) = τω(x)τW(b) since limm→∞ τA(hm) = 1. □
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For a projection p in F (A⊗W)γ , let

Bγ
p := ρ(p⊗ s)Bγρ(p⊗ s)

where s is a strictly positive element in W. Note that Bγ
p is a hereditary subalgebra

of Bγ . Define a homomorphism σp from W to Bγ
p by

σp(b) = ρ(p⊗ b)

for any b ∈ W.
Since the target algebra Bγ has strict comparison by Proposition 3.8, the same

proof as [37, Proposition 3.7] shows the following proposition by using Lemma
4.3 instead of [37, Lemma 3.6]. See [37, Definition 3.2] for the definition of the
(L,N)-fullness.

Proposition 4.4. There exist maps L : W+,1\{0}×(0, 1) → N andN : W+,1\{0}×
(0, 1) → (0,∞) such that the following holds. If p be a projection in F (A ⊗W)γ

such that τω(p) > 0, then σp is (L,N)-full.

The following corollary is an immediate consequence of [37, Proposition 3.3] and
the proposition above. For finite sets F1 and F2, let F1⊙F2 := {a⊗ b | a ∈ F1, b ∈
F2}.

Corollary 4.5. Let Ω be a compact metrizable space. For any finite subsets
F1 ⊂ C(Ω), F2 ⊂ W and ε > 0, there exist finite subsets F1 ⊂ C(Ω), F2 ⊂
W, m ∈ N and δ > 0 such that the following holds. Let p be a projection in
F (A ⊗ W)γ such that τω(p) > 0. For any contractive (F1 ⊙ F2, δ)-multiplicative
maps φ,ψ : C(Ω)⊗W → Bγ

p , there exist a unitary element u in Mm2+1(Bγ
p )

∼ and
z1, z2, ..., zm ∈ Ω such that

∥u(φ(f ⊗ b)⊕

m︷ ︸︸ ︷
m⊕

k=1

f(zk)ρ(p⊗ b)⊕ · · · ⊕
m⊕

k=1

f(zk)ρ(p⊗ b))u∗

− ψ(f ⊗ b)⊕

m︷ ︸︸ ︷
m⊕

k=1

f(zk)ρ(p⊗ b)⊕ · · · ⊕
m⊕

k=1

f(zk)ρ(p⊗ b) ∥ < ε

for any f ∈ F1 and b ∈ F2.

5. Classification of normal elements in F (A⊗W)γ

In this section we shall classify certain normal elements in F (A ⊗ W)γ up to
unitary equivalence. Furthermore, we shall consider the comparison theory for
certain projections in F (A ⊗ W)γ . We assume that Ω is a compact metrizable
space in this section.

Using Proposition 2.6 and Proposition 2.7 instead of [37, Proposition 4.1], [37,
Proposition 4.2] and [37, Proposition 4.8], we obtain the following lemma by the
same proof as [37, Lemma 5.1]. See also [30, Lemma 4.1] and [30, Lemma 4.2].

Lemma 5.1. Let F be a finite subset of C(Ω) and ε > 0. Suppose that φ and ψ
are unital homomorphisms from C(Ω) to F (A ⊗ W)γ such that τω ◦ φ = τω ◦ ψ.
Then there exist a projection p ∈ F (A ⊗ W)γ , (F, ε)-multiplicative unital c.p.
maps φ′ and ψ′ from C(Ω) to pF (A⊗W)γp, a unital homomorphism σ from C(Ω)
to (1 − p)F (A ⊗ W)γ(1 − p) with finite-dimensional range and a unitary element
u ∈ F (A⊗W)γ such that

0 < τω(p) < ε, ∥φ(f)− (φ′(f) + σ(f))∥ < ε, ∥ψ(f)− u(ψ′(f) + σ(f))u∗∥ < ε

for any f ∈ F .
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The following theorem is a variant of [37, Theorem 5.2]. See also [30, Theorem
4.5].

Theorem 5.2. Let F1 be a finite subset of C(Ω), F2 a finite subset of A and F3

a finite subset of W, and let ε > 0. Then there exist mutually orthogonal positive
elements h1, h2, ..., hl in C(Ω) of norm one such that the following holds. For any
ν > 0, there exist finite subsets G1 ⊂ C(Ω), G2 ⊂ A ⊗W and δ > 0 such that the
following holds. If φ and ψ are unital c.p. maps from C(Ω) to M(A ⊗ W) such
that

τ(φ(hi)) ≥ ν, ∀i ∈ {1, 2, ..., l},
∥[φ(f), x]∥ < δ, ∥[ψ(f), x]∥ < δ, ∀f ∈ G1, x ∈ G2,

∥(φ(f1f2)−φ(f1)φ(f2))x∥ < δ, ∥(ψ(f1f2)−ψ(f1)ψ(f2))x∥ < δ, ∀f1, f2 ∈ G1, x ∈ G2,

∥(γg(φ(f))− φ(f))x∥ < δ, ∥(γg(ψ(f))− ψ(f))x∥ < δ, ∀g ∈ G, f ∈ G1, x ∈ G2,

|τ(φ(f))− τ(ψ(f))| < δ, ∀f ∈ G1,

then there exists a contraction u in (A⊗W)∼ such that

∥(a⊗ b)(u∗u− 1)∥ < ε, ∥(a⊗ b)(uu∗ − 1)∥ < ε, ∥(a⊗ b)(γg(u)− u)∥ < ε,

∥uφ(f)(a⊗ b)u∗ − ψ(f)(a⊗ b)∥ < ε

for any f ∈ F1, a ∈ F2, b ∈ F3 and g ∈ G.

Proof. We may assume that every element in F2 and F3 is positive and of norm
one. Take positive elements h1, h2, ..., hl in C(Ω) by the same way as in the proof
of [37, Theorem 5.2]. We will show that h1, h2, ..., hl have the desired property. On
the contrary, suppose that h1, h2, ..., hl did not have the desired property. Then
there exists a positive number ν satisfying the following: For any n ∈ N, there exist
unital c.p. maps φn, ψn : C(Ω) →M(A⊗W) such that

τ(φn(hi)) ≥ ν, ∀i ∈ {1, 2, ..., l},
∥[φn(f1), x]∥ → 0, ∥[ψn(f1), x]∥ → 0, ∥(φn(f1f2)− φn(f1)φn(f2))x∥ → 0,

∥(ψn(f1f2)− ψn(f1)ψn(f2))x∥ → 0, ∥(γg(φn(f1))− φn(f1))x∥ → 0,

∥(γg(ψn(f1))− ψn(f1))x∥ → 0, |τ(φn(f1))− τ(ψn(f1))| → 0

as n→ ∞ for any f1, f2 ∈ C(Ω), x ∈ A⊗W and g ∈ G and

max
f∈F1,a∈F2,b∈F3

∥uφn(f)(a⊗ b)u∗ − ψn(f)(a⊗ b)∥ ≥ ε

for any contraction u in (A⊗W)∼ satisfying

∥(a⊗ b)(γg(u)− u)∥ < ε, ∥(a⊗ b)(u∗u− 1)∥ < ε, ∥(a⊗ b)(uu∗ − 1)∥ < ε

for any a ∈ F2, b ∈ F3 and g ∈ G.
Define homomorphisms φ and ψ from C(Ω) to F (A⊗W)γ by φ(f) := [(φn(f))n]

and ψ(f) := [(ψn(f))n] for any f ∈ C(Ω). Then we have

τω ◦ φ = τω ◦ ψ and τω(φ(hi)) ≥ ν

for any i = 1, 2, ..., l.
We obtain finite subsets F1 ⊂ C(Ω), F2 ⊂ W, m ∈ N and δ > 0 by applying

Corollary 4.5 to F1 and F3 and ε/7. Put

F ′
1 := F1∪F1∪{h1, h2, ..., hl} and ε′ := min

{
ε

7
,

δ

max{∥b∥ | b ∈ F2}
,

ν

(m2 + 2)

}
.

Applying Lemma 5.1 to F ′
1, ε

′, φ and ψ, there exist a projection p ∈ F (A⊗W)γ ,
(F ′

1, ε
′)-multiplicative unital c.p. maps φ′ and ψ′ from C(Ω) to pF (A ⊗ W)γp,

a unital homomorphism σ from C(Ω) to (1 − p)F (A ⊗ W)γ(1 − p) with finite-
dimensional range and a unitary element w ∈ F (A⊗W)γ such that

0 < τω(p) < ε′, ∥φ(f)− (φ′(f) + σ(f))∥ < ε′, ∥ψ(f)− w(ψ′(f) + σ(f))w∗∥ < ε′
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for any f ∈ F ′
1. The Choi-Effros lifting theorem implies that there exist sequences

of contractive c.p. maps φ′
n, ψ

′
n and σn from C(Ω) to A ⊗ W such that φ′(f) =

[(φ′
n(f))n], ψ

′(f) = [(ψ′
n(f))n] and σ(f) = [(σn(f))n] for any f ∈ C(Ω). By

[37, Proposition 4.9], there exists a unitary element (wn)n in (A⊗W)∼ω such that
w = [(wn)n]. Note that we have (xγg(wn))n = (xwn)n for any g ∈ G and x ∈ A⊗W,

lim
n→ω

∥φn(f)(a⊗ b)− (φ′
n(f) + σn(f))(a⊗ b)∥ < ε

7
(1)

and

lim
n→ω

∥ψn(f)(a⊗ b)− wn(ψ
′
n(f) + σn(f))(a⊗ b)w∗

n∥ <
ε

7
(2)

for any f ∈ F ′
1, a ∈ F2 and b ∈ F3.

Define c.p. maps Φ′ and Ψ′ from C(Ω)⊗W to Bγ
p by

Φ′ := ρ ◦ (φ′ ⊗ idW) and Ψ′ := ρ ◦ (ψ′ ⊗ idW).

Then Φ′ and Ψ′ are contractive (F1 ⊙F2, δ)-multiplicative maps. Hence Corollary
4.5 implies that there exist a unitary element U inMm2+1(Bγ

p )
∼ and z1, z2, ..., zm ∈

Ω such that

∥U(Φ′(f ⊗ b)⊕

m︷ ︸︸ ︷
m⊕

k=1

f(zk)ρ(p⊗ b)⊕ · · · ⊕
m⊕

k=1

f(zk)ρ(p⊗ b))U∗

−Ψ′(f ⊗ b)⊕

m︷ ︸︸ ︷
m⊕

k=1

f(zk)ρ(p⊗ b)⊕ · · · ⊕
m⊕

k=1

f(zk)ρ(p⊗ b) ∥ < ε

7

for any f ∈ F1 and b ∈ F3.
Using Proposition 2.3 instead of [37, Proposition 4.1], the same argument as in

the proof of [37, Theorem 5.2] shows that there exist mutually orthogonal projec-
tions {pj,k}mj,k=1 in (1 − p)F (A ⊗W)γ(1 − p) and a homomorphism σ′′ : C(Ω) →
(1− p− q)F (A⊗W)γ(1− p− q) where q =

∑m
j,k=1 pj,k such that

∥σ(f)−

 m∑
j=1

m∑
k=1

f(zk)pj,k + σ′′(f)

 ∥ < 2ε

7

for any f ∈ F1 and pj,k is Murray-von Neumann equivalent to p for any j, k =
1, 2, ...,m. Define a homomorphism σ̂ from C(Ω) to F (A⊗W)γ by

σ̂(f) :=

m∑
j=1

m∑
k=1

f(zk)pj,k + σ′′(f)

for any f ∈ C(Ω). By the Choi-Effros lifting theorem, there exists a sequence of
contractive c.p. maps σ̂n from C(Ω) to A⊗W such that σ̂(f) = [(σ̂n(f))n]. Note
that we have

lim
n→ω

∥σn(f)(a⊗ b)− σ̂n(f)(a⊗ b)∥ < 2ε

7
(3)

for any f ∈ F1, a ∈ F2 and b ∈ F3.
Since we can regard Φ′(f⊗b)+

∑m
j=1

∑m
k=1 f(zk)ρ(pj,k⊗b) ∈ Bγ

p+q as an element

in Mm2+1(Bγ
p ), the same argument as in the proof of [37, Theorem 5.2] shows that

there exists a unitary element V in (Bγ)∼ such that

∥V (Φ′(f ⊗ b) + ρ(σ̂(f)⊗ b))V ∗ − (Ψ′(f ⊗ b) + ρ(σ̂(f)⊗ b))∥ < ε

7

for any f ∈ F1 and b ∈ F3. Let (vn)n be a contraction in A∼ such that V =
[(vn)n]. Then we have ((a ⊗ 1W∼)v∗nvn)n = ((a ⊗ 1W∼)vnv

∗
n)n = a ⊗ 1W∼ and
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((a⊗ 1W∼)γg(vn))n = ((a⊗ 1W∼)vn)n for any g ∈ G and a ∈ A. Furthermore, we
see that

lim
n→ω

∥vn(φ′
n(f) + σ̂n(f))(a⊗ b)v∗n − (ψ′

n(f) + σ̂n(f))(a⊗ b)∥ < ε

7
(4)

for any f ∈ F1, a ∈ F2 and b ∈ F3 by Proposition 4.1.
Put (un)n := (wnvn)n ∈ ((A⊗W)∼)ω. Then we have

((a⊗ b)u∗nun)n = ((a⊗ b)v∗nvn)n = a⊗ b

and

((a⊗ b)unu
∗
n)n = (wn(a⊗ b)vnv

∗
nwn)n = (wn(a⊗ b)w∗

n)n = a⊗ b

for any a ∈ A and b ∈ W. Also, we have

((a⊗ b)γg(un))n = ((a⊗ b)γg(wn)γg(vn))n = ((a⊗ b)wnγg(vn))n

= (wn(a⊗ b)γg(vn))n = (wn(a⊗ b)vn)n = ((a⊗ b)un)n

for any g ∈ G, a ∈ A and b ∈ W. By (1), (2), (3) and (4), we see that

lim
n→ω

∥unφn(f)(a⊗ b)u∗n − ψn(f)(a⊗ b)∥ < ε

for any f ∈ F1, a ∈ F2 and b ∈ F3. Therefore, taking a sufficiently large n, we
obtain a contradiction. Consequently, the proof is complete. □

The following theorem is the main result in this section.

Theorem 5.3. Let N1 and N2 be normal elements in F (A ⊗ W)γ such that
Sp(N1) = Sp(N2) and τω(f(N1)) > 0 for any f ∈ C(Sp(N1))+ \ {0}. Then there
exists a unitary element u in F (A ⊗ W)γ such that uN1u

∗ = N2 if and only if
τω(f(N1)) = τω(f(N2)) for any f ∈ C(Sp(N1)).

Proof. By a similar argument as in the proof of [37, Theorem 5.3], we can prove
this theorem. We shall give a proof for reader’s convenience.

Since the only if part is clear, we will show the if part. Define unital ho-
momorphisms φ and ψ from C(Sp(N1)) to F (A ⊗ W)γ by φ(f) := f(N1) and
ψ(f) := f(N2), respectively. By the Choi-Effros lifting theorem, we see that there
exist sequences of unital c.p. maps φn and ψn from C(Sp(N1)) to (A⊗W)∼ such
that f(N1) = [(φn(f))n] and f(N2) = [(ψn(f))n] for any f ∈ C(Sp(N1)). Then we
have

|τ(φn(f1))− τω(f1(N1))| → 0, ∥[φn(f1), x]∥ → 0, ∥[ψn(f1), x]∥ → 0,

∥(φn(f1f2)− φn(f1)φn(f2))x∥ → 0, ∥(ψn(f1f2)− ψn(f1)ψn(f2))x∥ → 0,

∥(γg(φn(f1))− φn(f1))x∥ → 0, ∥(γg(ψn(f1))− ψn(f1))x∥ → 0,

|τ(φn(f1))− τ(ψn(f1))| → 0

as n→ ω for any f1, f2 ∈ C(Sp(N1)), x ∈ A⊗W and g ∈ G.
We denote by ι the identity function on Sp(N1), that is, ι(z) = z for any

z ∈ Sp(N1). Let F1 := {1, ι} ⊂ C(Sp(N1)), and let {F2,k}k∈N and {F3,k}k∈N
be increasing sequences of finite subsets in A and W such that A =

∪
k∈N F2,k and

W =
∪

k∈N F3,k, respectively. For any k ∈ N, we obtain mutually orthogonal posi-
tive elements h1,k, h2,k, ..., hl(k),k in C(Sp(N1)) of norm one by applying Theorem
5.2 to F1, F2,k, F3,k and 1/k. Put

νk :=
1

2
min{τω(h1,k(N1)), τω(h2,k(N1)), ..., τω(hl(k),k(N1))} > 0.

Applying Theorem 5.2 to νk, we obtain finite subsets G1,k ⊂ C(Sp(N1)), G2,k ⊂
A ⊗W and δk > 0. We may assume that {G1,k}k∈N and {G2,k}k∈N are increasing
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sequences and δk > δk+1 for any k ∈ N. We can find a sequence {Xk}∞k=1 of
elements in ω such that Xk ⊂ Xk+1 and for any n ∈ Xk,

|τ(φn(hi,k))− τω(hi,k(N1))| < νk, ∥[φn(f1), x]∥ < δk, ∥[ψn(f1), x]∥ < δk,

∥(φn(f1f2)− φn(f1)φn(f2))x∥ < δk, ∥(ψn(f1f2)− ψn(f1)ψn(f2))x∥ < δk,

∥(γg(φn(f1))− φn(f1))x∥ < δk, ∥(γg(ψn(f1))− ψn(f1))x∥ < δk,

|τ(φn(f1))− τ(ψn(f1))| < δk

for any i ∈ {1, 2, ..., l(k)}, f1, f2 ∈ G1,k, x ∈ G2,k and g ∈ G. Since we have

τ(φn(hi,k)) > τω(hi,k(N1))− νk ≥ 2νk − νk = νk

for any i ∈ {1, 2, ..., l(k)}, Theorem 5.2 implies that for any n ∈ Xk, there exists a
contraction uk,n in (A⊗W)∼ such that

∥(a⊗ b)(u∗k,nuk,n − 1)∥ < 1

k
, ∥(a⊗ b)(uk,nu

∗
k,n − 1)∥ < 1

k
,

∥(a⊗ b)(γg(uk,n)− uk,n)∥ <
1

k
, ∥uk,nφn(f)(a⊗ b)u∗k,n − ψn(f)(a⊗ b)∥ < 1

k
for any f ∈ F1, a ∈ F2,k, b ∈ F3,k and g ∈ G. Since F1 = {1, ι}, we have

∥[uk,n, a⊗ b]∥ ≤ ∥uk,n(a⊗ b)(1− u∗k,nuk,n)∥+ ∥(uk,n(a⊗ b)u∗k,n − a⊗ b)uk,n∥ <
2

k

and

∥uk,nφn(ι)(a⊗ b)u∗k,n − ψn(ι)(a⊗ b)∥ < 1

k
for any n ∈ Xk, a ∈ F2,k and b ∈ F3,k. Put

un :=

{
1 if n /∈ X1

uk,n if n ∈ Xk \Xk+1 (k ∈ N) .

Then

∥(a⊗ b)(u∗nun − 1)∥ → 0, ∥(a⊗ b)(unu
∗
n − 1)∥ → 0, ∥(a⊗ b)(γg(un)− un)∥ → 0,

∥[un, a⊗ b]∥ → 0, ∥(unφn(ι)u
∗
n − ψn(ι))(a⊗ b)∥ → 0

as n → ω for any a ∈ A, b ∈ W and g ∈ G. Therefore [(un)n] is a unitary element
in F (A⊗W)γ and [(un)u]N1[(un)n]

∗ = N2. □

Applying the theorem above to projections, we obtain the following corollary.
Note that if p is a projection, then C(Sp(p)) can be identified with {λ1p+ λ2(1−
p) | λ1, λ2 ∈ C}. Hence it is clear that τω(f(p)) > 0 for any f ∈ C(Sp(p))+ \ {0}
if and only if 0 < τω(p) < 1. Also, for projections p and q, we have τω(f(p)) =
τω(f(q)) for any f ∈ C(Sp(p)) if and only if τω(p) = τω(q).

Corollary 5.4. Let p and q be projections in F (A⊗W)γ such that 0 < τω(p) < 1.
Then p and q are unitarily equivalent if and only if τω(p) = τω(q).

The following corollary is important in the next section.

Corollary 5.5. Let p and q be projections in F (A⊗W)γ such that 0 < τω(p) ≤ 1.
Then p and q are Murray-von Neumann equivalent if and only if τω(p) = τω(q).

Proof. By Corollary 5.4, it suffices to show that if p is a projection in F (A⊗W)γ

such that τω(p) = 1, then p is Murray-von Neumann equivalent to 1. Proposition
2.6 implies that there exists a projection r in F (A ⊗ W)γ such that r ≤ p and
τω(r) = 1/2. By Corollary 5.4, p − r is unitarily equivalent to 1 − r. Therefore
p = (p− r) + r is Murray-von Neumann equivalent to (1− r) + r = 1. □



ROHLIN ACTIONS OF FINITE GROUPS ON THE RAZAK-JACELON ALGEBRA 15

6. Rohlin type theorem

In this section we shall show that γ has the Rohlin property.
For a γ-cocycle w in F (A⊗W), define an action γw on F (A⊗W)⊗M2(C) by

γwg := Ad

((
1 0
0 w(g)

))
◦ (γg ⊗ id)

for any g ∈ G. Since γ has the weak Rohlin property, we obtain the following
lemma by similar arguments as in [33, Proposition 4.8] and [34, Proposition 3.3]
(see also arguments in Section 3). We leave the proof to the reader.

Lemma 6.1. Let a and b be positive elements in (F (A⊗W)⊗M2(C))γ
w

such that
dτω⊗Tr2(a) < dτω⊗Tr2(b) where Tr2 is the (unnormalized) usual trace on M2(C).
Then there exists an element r in (F (A⊗W)⊗M2(C))γ

w

such that r∗br = a.

The proof of the following lemma is based on Connes’ 2 × 2 matrix trick in [5,
Corollary 2.6].

Lemma 6.2. Every γ-cocycle w in F (A⊗W) is a coboundary.

Proof. Let ε > 0. By Proposition 2.6, there exists a projection pε in F (A ⊗W)γ

such that τω(pε) = 1 − ε. Taking a suitable subsequence of a representative of pε,
we may assume that w(g)pε = pεw(g) for any g ∈ G. Lemma 6.1 implies that there
exists an element Rε in (F (A⊗W)⊗M2(C))γ

w

such that

R∗
ε

(
1 0
0 0

)
Rε =

(
0 0
0 pε

)
.

The diagonal argument shows that there exist a projection p in F (A⊗W)γ and an
element R in (F (A⊗W)⊗M2(C))γ

w

such that τω(p) = 1 and

R∗
(

1 0
0 0

)
R =

(
0 0
0 p

)
.

By Corollary 5.5, there exists an element s in F (A ⊗W)γ such that s∗s = 1 and
ss∗ = p. Taking suitable subsequences of representatives of s, p and R, we may
assume that w(g)s = sw(g) for any g ∈ G and(

0 0
0 s∗

)
R∗

(
1 0
0 0

)
R

(
0 0
0 s

)
=

(
0 0
0 1

)
.

It it easy to see that there exists a projection q in F (A⊗W)γ such that τω(q) = 1
and (

q 0
0 0

)
=

(
1 0
0 0

)
R

(
0 0
0 p

)
R∗

(
1 0
0 0

)
.

By Corollary 5.5, there exists an element t in F (A ⊗ W)γ such that t∗t = 1 and
tt∗ = q. Put

V :=

(
0 0
0 s∗

)
R∗

(
t 0
0 0

)
.

Then we have V ∈ (F (A⊗W)⊗M2(C))γ
w

,

V ∗V =

(
1 0
0 0

)
and V V ∗ =

(
0 0
0 1

)
.

It is easy to see that there exists a unitary element v in F (A⊗W) such that

V =

(
0 0
v 0

)
.

Since V ∈ (F (A⊗W)⊗M2(C))γ
w

, w(g)γg(v) = v for any g ∈ G. Consequently, w
is a coboundary. □
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Remark 6.3. The lemma above shows that the first cohomology of γ vanishes.
This property is one of the important properties for the Bratteli-Elliott-Evans-
Kishimoto intertwining argument (see, for example, [13] and [27]) in the classifica-
tion of Rohlin actions.

The following theorem is the main result in this paper.

Theorem 6.4. Let A be a simple separable nuclear C∗-algebra with a unique
tracial state and no unbounded traces, and let α be a strongly outer action of a
finite group G on A. Then γ = α⊗ id on A⊗W has the Rohlin property.

Proof. We identify B(ℓ2(G)) with M|G|(C). Also, we can identify F (A⊗W)γ with

F (A⊗W⊗
⊗

n∈NM|G|(C))γ⊗id because W is UHF stable. Let λ be the left regular

representation of G on ℓ2(G). Define a map w from G to F (A⊗W)γ by

w(g) := [(hn ⊗ kn ⊗
n︷ ︸︸ ︷

1⊗ · · · ⊗ 1⊗λ(g)⊗ 1⊗ · · · )n]
where {hn}∞n=1 and {kn}∞n=1 are approximate units for A andW, respectively. Then
w is a homomorphism, and hence w is a γ-cocycle in F (A ⊗W). By Lemma 6.2,
there exists a unitary element v in F (A ⊗ W) such that w(g) = vγg(v

∗) for any
g ∈ G. For any g ∈ G, let eg be a projection onto Cδg where {δh | h ∈ G} is the
canonical basis of ℓ2(G), and put

pg := v∗[(hn ⊗ kn ⊗
n︷ ︸︸ ︷

1⊗ · · · ⊗ 1⊗eg ⊗ 1⊗ · · · )n]v.
Then {pg}g∈G is a partition of unity in F (A⊗W) consisting of projections satisfying

γg(ph) = pgh

for any g, h ∈ G. Consequently, γ has the Rohlin property. □

Combining the theorem above and the classification results in [2] and [10], we
obtain the following corollary.

Corollary 6.5. Let A and B be simple separable nuclear C∗-algebras with a unique
tracial state and no unbounded traces, and let α and β be strongly outer actions
of a finite group G on A and B, respectively. Then α ⊗ id on A⊗W is conjugate
to β ⊗ id on B ⊗W.

Proof. By [2, Theorem 6.1], A⊗Z and B⊗Z have finite nuclear dimension. Hence
[10, Corollary 6.7] implies that A⊗W and B⊗W are isomorphic to W. Therefore
we obtain the conclusion by Theorem 2.5 and Theorem 6.4. □

Remark 6.6. (1) If α′ is not a strongly outer action of a non-trivial finite group G
on A, then (A⊗W)⋊α′⊗idG has at least two extremal tracial state. Hence α′ ⊗ id
is not (cocycle) conjugate to the action in the corollary above.
(2) There exist uncountably many non-conjugate strongly outer actions of Z2 on
W by [36, Example 5.6] and [36, Remark 5.7].
(3) For generalizing the corollary above to amenable group actions, it seems to be
important that we characterize W by using the central sequence C∗-algebra F (W).
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[51] G. Szabó, Equivariant property (SI) revisited, preprint, arXiv:1904.10897 [math.OA]

[52] M. Takesaki, Theory of operator algebras. III, Encyclopaedia of Mathematical Sciences, 127.
Operator Algebras and Non-commutative Geometry, 8. Springer-Verlag, Berlin, 2003.

Department of Educational Collaboration, Osaka Kyoiku University, 4-698-1 Asahi-

gaoka, Kashiwara, Osaka, 582-8582, Japan
Email address: nawata@cc.osaka-kyoiku.ac.jp


