ROHLIN ACTIONS OF FINITE GROUPS ON THE
RAZAK-JACELON ALGEBRA

NORIO NAWATA

ABSTRACT. Let A be a simple separable nuclear C*-algebra with a unique
tracial state and no unbounded traces, and let « be a strongly outer action of
a finite group G on A. In this paper, we show that a ® id on A ® W has the
Rohlin property, where W is the Razak-Jacelon algebra. Combing this result
with the recent classification results and our previous result, we see that such
actions are unique up to conjugacy.

1. INTRODUCTION

Let Oy be the Cuntz algebra generated by 2 isometries. It is known that Os is
a simple separable unital nuclear purely infinite C*-algebra, and is K K-equivalent
to {0}. Kirchberg and Phillips showed that a simple separable unital nuclear C*-
algebra B is isomorphic to Oy if and only if B has an asymptotically central inclu-
sion of Oy in [25]. In particular, if A is a simple separable unital nuclear C*-algebra,
then A ® Oy is isomorphic to Os. It is known that Oy plays an important role in
the classification of nuclear C*-algebra (see, for example, [15] and [41]).

Let W be the Razak-Jacelon algebra studied in [22], which is a certain simple
separable nuclear stably projectionless C*-algebra having trivial K-groups and a
unique tracial state and no unbounded traces. Note that W is K K-equivalent to
{0} and O,. Hence we may regard W as a stably finite analogue of 0. Combing
Elliott, Gong, Lin and Niu’s result [10] and Castillejos and Evington’s result [2] (see
also [3]), we see that if A is a simple separable nuclear C*-algebra with a unique
tracial state and no unbounded traces, then A ® W is isomorphic to W. We refer
the reader to [9], [10] (see also [12] and [18]) and [19] for recent progress in the
classification of stably projectionless C*-algebras.

In the theory of operator algebras, the classification of group actions is one of the
most fundamental problems and has a long history. There exists a complete classifi-
cation of actions of countable amenable groups on approximately finite dimensional
(AFD) factors. Although there exist some successes in the classification of group ac-
tions on “classifiable” C*-algebras, the classification of countable amenable group
(outer) actions on “classifiable” C*-algebras is far from complete because of K-
theoretical obstructions. We refer the reader to [21] and the references given there
for details and results in the classification of group actions on operator algebras.
We shall review only some results that are directly related to this paper.

Connes [5] classified finite cyclic group actions on the AFD factor Rg of type Iy
up to conjugacy. More generally, Jones [23] classified finite group actions on Ry.
In particular, outer actions of a finite group on Ry are unique up to conjugacy.

In [20], Izumi introduced the Rohlin property of finite group actions on unital C*-
algebras and showed an equivariant version of the Kirchberg-Phillips type theorem
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for finite group actions on 3. Indeed, he characterized Rohlin actions on Os
by using the fixed point subalgebra of the central sequence C*-algebra of Oy and
showed that if « is an outer action of a finite group G on a simple separable unital
nuclear C*-algebra A, then a®id on A® Oy has the Rohlin property. In particular,
such actions are unique up to conjugacy. Note that Izumi also showed that there
exist uncountably many mutually non-conjugate outer actions of Zs on Os. Also,
Goldstein and Izumi obtained an equivariant Kirchberg-Phillips type result for finite
group actions on O in [17].

Remarkably, Szabé generalized Izumi’s result to countable amenable group ac-
tions in [49]. He showed that countable amenable group outer actions on Oy that
equivariantly absorb the trivial action on Oy are unique up to strong cocycle con-
jugacy. Note that Szabd considered more general settings and obtained results for
strongly self-absorbing C*-dynamical systems. See [46], [47], [48], [49], [50] and [51].

In this paper, we shall consider an equivariant Kirchberg-Phillips type result
for finite group actions on W. Indeed, we shall show that if « is a strongly outer
action of a finite group G on a simple separable nuclear C*-algebra A with a unique
tracial state and no unbounded traces, then a®id on A®W has the Rohlin property
(Theorem 6.4). Since the author showed that Rohlin actions of a finite group on
W are unique up to conjugacy in [36], we see that such actions are unique up to
conjugacy by Elliott, Gong, Lin and Niu’s result and Castillejos and Evington’s
result. Indeed, we obtain the following theorem.

Theorem. (Corollary 6.5)

Let A and B be simple separable nuclear C*-algebras with a unique tracial state
and no unbounded traces, and let a and § be strongly outer actions of a finite
group G on A and B, respectively. Then a ® id on A ® W is conjugate to 8 ® id
on B W.

Our main result (Theorem 6.4) is shown by using a cohomolgy vanishing type
result (Lemma 6.2). The proof of Lemma 6.2 is based on Connes’ 2 x 2 matrix trick
in [5, Corollary 2.6]. We need to consider the comparison theory for projections in
the fixed point subalgebra F(A®@W)*®id of the central sequence C*-algebra of AQW
for Connes’ 2 x 2 matrix trick. We obtain this as a corollary of a classification up to
unitary equivalence of certain normal elements in F(A®W)*®!4, This classification
is based on arguments in [37] where the author classified certain unitary elements
and projections in F'(W) up to unitary equivalence.

This paper is organized as follows. In Section 2, we collect notations, definitions
and some results. In Section 3 and Section 4, we show a variant of [37, Corollary
3.8], which is a main technical tool in this paper. In particular, we introduce a (non-
separable) C*-algebra B7, and show that B” has strict comparison (Proposition 3.8)
in Section 3. Note that BY is a target algebra of a (natural) homomorphism from
F(A@W)*®d @)W, The proof of Proposition 3.8 is essentially based on arguments
in [32], [33] and [34]. In particular, it is important to consider the property (SI) and
the weak Rohlin property. These concepts were introduced by Sato in his pioneering
work [43] and [44] (see also [27]). We refer the reader to [45] for recent progress of
such type arguments. Section 4 is essentially based on arguments in [12] (see [37,
Section 3]). In Section 5, we classify certain normal elements in F(4 ® W)2®id up
to unitary equivalence (Theorem 5.3), and show a comparison theorem for certain
projections in F(A®@W)*®id (Corollary 5.5). In Section 6, we show the main result
in this paper.

2. PRELIMINARIES

In this section we shall collect notations, definitions and some results.
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For a C*-algebra A, let A, denote the set of positive elements in A and Ay ;
the set of positive contractions in A. For x,y € A, let [z,y] be the commutator
xy — yzr. We denote by K(H) and M, ~ for n € N the C*-algebra of compact
operators on a Hilbert space H and the uniformly hyperfinite (UHF) algebra of
type n°, respectively.

2.1. Approximate units and actions. If A is a separable C*-algebra, then there
exists a positive element s € A such that sA is dense in A. Such a positive element
s is said to be strictly positive in A. For any n € N, define f, : [0,1] — R by

0 t €0, =]
fo(t) =4 nn+1)t—n te (4]
1 te (1]
If s is a strictly positive element in A and ||s|| = 1, then {f,,(s)}nen is an approxi-

mate unit for A with f,1+1(8)fn(s) = fn(s). Let A~ denote the unitization algebra
of A. Note that we assume A~ = A if A is unital. Let M(A) be the multiplier
algebra of A, which is the largest unital C*-algebra that contains A as an essential
ideal. If v is an automorphism of A, then « extends uniquely to an automorphism
of M(A). We denote it by the same symbol « for simplicity.

We denote by Aut(A) the automorphism group of A. An automorphism « of A
is said to be inner if there exists a unitary element u in M(A) such that a(z) =
Ad(u)(x) = uzu* for any x € A. For a subset F of A and ¢ > 0, we say a completely
positive (c.p.) map ¢ : A — B is (F, ¢)-multiplicative if

le(zy) — e(@)e)| <e

for any z,y € F.

An action « of a discrete group G on A is a homomorphism from G to Aut(A).
We say that « is outer if o is not inner for any g € G\ {¢} where ¢ is the identity
of G. An a-cocycle is a map w from G to the unitary group of M(A) such that
w(gh) = w(g)ag(w(h)) for any g, h € G. We say that an a-cocycle w is a coboundary
if there exists a unitary element v in M (A) such that w(g) = vay(v*) for any g € G.
For two G-actions a on A and 8 on B, we say that o and 3 are conjugate if there
exists an isomorphism ¢ from A onto B such that § o ag = 5,086 for any g € G.

Every tracial state 7 on A extends uniquely to a tracial state on M(A). We
denote it by the same symbol 7 for simplicity. Let (7., H;) be the Gelfand-Naimark-
Segal (GNS) representation of A associated with 7. Then 7 extends uniquely to
a normal tracial state 7 on 7,(4) . If « is an automorphism of A such that
Toa =7, then o extends uniquely to an automorphism & of 7, (4)". Moreover if a
is an action of G on A such that 7oy, = 7 for any g € G, then o extends uniquely
to a von Neumann algebraic action & on 7T7-(A)”. We say that an action « of G on
a C*-algebra A with a unique tracial state 7 is strongly outer if &, is not inner in
7 (A)" for any g € G\ {1}.

2.2. Kirchberg’s central sequence C*-algebras. We shall recall Kirchberg’s
central sequence C*-algebras in [24] (see also [35, Section 5] and [37, Section 2.2]).
Fix a free ultrafilter w on N. For a C*-algebra A, put

Co(A) = {{@n}nen € (N, A) | lim [z, ]| = 0}, A := £2(N, A) /ey, (A).
A sequence (z,), is a representative of an element in A¥. Let B be a C*-subalgebra

of A. We identify A and B with the C*-subalgebras of A% consisting of equivalence
classes of constant sequences. Set

Ay = AYNA", Ann(B, AY) = {(zn)n € A N B’ | (x,)nb =0 for any b € B}.



4 NORIO NAWATA

Then Ann(B, A“) is a closed ideal of A“ N B’. Define a central sequence C*-algebra
F(A) of A by

F(A):= A,/Ann(A, A%).
If {hp }nen is a countable approximate unit for A, then [(hy),] is a unit in F(A). Tt
can be easily checked that F(A) is isomorphic to M(A)¥ N A’/Ann(A, M(A)¥) and
A~ /Ann(A4, (A~)¥). If « is an automorphism of A, « induces natural automor-
phisms of A“, A, and F(A). We denote them by the same symbol « for simplicity.
For a tracial state 7 on A, define 7, ([(zn)n]) := lim,— 7(2,). Then 7, is a well
defined tracial state on F(A) by [37, Proposition 2.1].

2.3. Razak-Jacelon algebra. Let W be the Razak-Jacelon algebra studied in
[22], which is a simple separable nuclear C*-algebra with a unique tracial state and
no unbounded traces, and is K K-equivalent to {0}. The Razak-Jacelon algebra W
is constructed as an inductive limit C*-algebra of Razak’s building block in [39]. Let
S1 and S5 be the generators of the Cuntz algebra Os. For every A1, A2 € R, define
a flow v on Oy by 1(S;) = et S;. Kishimoto and Kumjian showed that if A; and
Ao are all non-zero, of the same sign and A; and \s generate R as a closed subgroup,
then Oz x4 R is a simple stably projectionless C*-algebra with unique (up to scalar
multiple) trace in [28] and [29]. Robert showed that W® K (£2(N)) is isomorphic to
O3 x4 R for some A\; and A in [40]. (See also [8].) Razak’s classification theorem
[39] implies that W is UHF-stable, and hence W is Z-stable.

2.4. Corollaries of Matui and Sato’s results. We shall collect some corollaries
of Matui and Sato’s results in [31] and [33]. Although they assume that C*-algebras
are unital, their arguments for the following results work for non-unital C*-algebras
by suitable modifications (see [35] and [37]).

First, we recall the definition of the weak Rohlin property. See [31, Definition
2.7] and [33, Definition 2.5]. Note that Matui and Sato define the weak Rohlin
property for more general settings.

Definition 2.1. Let A be a simple C*-algebra with a unique tracial state 7, and
let o be an action of a finite group G on A. We say that « has the weak Rohlin
property if there exists an positive contraction f in F'(A) such that

1
ag(flan(f) =0, 7(f) = @l
for any g,h € G with g # h.

Essentially the same proof as [31, Theorem 3.4] shows the following theorem.
See also the proof of [37, Lemma 6.2] and [33, Theorem 3.6].

Theorem 2.2. Let A be a simple separable nuclear C*-algebra with a unique
tracial state and no unbounded traces, and let « be an action of a finite group G
on A. Then « has the weak Rohlin property if and only if « is strongly outer.

Essentially the same proofs as [33, Lemma 4.7] and [33, Proposition 4.8] show
the following proposition. See also [34, Propostion 3.3] and [1, Theorem 4.1]. Note
that if A is a simple separable nuclear C*-algebra with a unique tracial state and
no unbounded traces, then A ® W has property (SI) since W is Z-stable (see [42],
[32] and [35]).

Proposition 2.3. Let A be a simple separable nuclear C*-algebra with a unique
tracial state and no unbounded traces, and let o be a strongly outer action of a
finite group G on A. Then:

(i) F(A® W)@ has a unique tracial state 7.

(ii) If @ and b are positive elements in F(A ® W)*®!d satisfying d,_(a) < d,(b),
then there exists an element r € F(A ® W)*®id such that r*br = a.
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2.5. Rohlin property and properties of F(A ® W)*®d. We shall recall some
results in [36] (see also [16]) and [37].

Definition 2.4. (cf. [20, Definition 3.1] and [36, Definition 3.1]). An action « of
a finite group G on a separable C*-algebra A is said to have the Rohlin property if
there exists a partition of unity {p,}scc C F(A) consisting of projections satisfying

ag(Pr) = Pghs
for any g,h € G.

For any finite group G, there exists an action of G on W with the Rohlin property
by [36, Example 3.2]. The following theorem is [36, Corollary 3.7].

Theorem 2.5. Let a and 8 be actions of a finite group G on W with the Rohlin
property. Then o and f are conjugate.

Note that there exists a strongly outer action « of Zy on W such that a does
not have the Rohlin property (see [36, Example 5.6]).

Since we can regard F(W) is a unital C*-subalgebra of F(A®W)*®d we obtain
the following proposition by [37, Proposition 4.2] and Proposition 2.3.

Proposition 2.6. Let 7, be the unique tracial state on F(A ® W)a®id,

(i) For any N € N, there exists a unital homomorphism from My (C) to F(A ®
W)a®id.

(ii) For any 6 € [0, 1], there exists a non-zero projection p in F(A ®@ W)
that 7, (p) = 0.

(iii) Let h be a positive element in F(A ® W)*®d such that d, (h) > 0. For any
6 € [0,d.,(h)), there exists a non-zero projection p in hF (A ® W)e®id}h such that
Tw(p) = 0.

a®id gych

Using the proposition above instead of [37, Proposition 4.2], the same arguments
as in [37, Section 4] show the following proposition.

Proposition 2.7. (cf. [37, Proposition 4.8]). Let p and ¢ be projections in F(A®
W)e®id such that 7, (p) < 1 where 7,, is the unique tracial state on F(A® W)a®id,
Then p and ¢ are Murray-von Neumann equivalent if and only if p and ¢ are unitarily
equivalent.

3. TARGET ALGEBRA

In the rest of this paper, we assume that A is a simple separable nuclear C*-
algebra with a unique tracial state 74 and no unbounded traces, and « is a strongly
outer action of a finite group G on A. Define an action vy on AQ W by v := a®id.
Let 1y denote the unique tracial state on W, and let 7 := 74 ® 14y on A @ W. For
any a € A and b € W, we regard a ® 1yy~ and 14~ ® b as elements in M (A Q@ W).
Put

A:={(zn)n € (AW)* | ([tn,a @ 1lyy~]), =0 for any a € A}
and
Z:={(zn)n € A| (xn(a® lyy~))p =0 for any a € A}.
Then 7 is a closed ideal of A, and define B := A/Z. Note that for any [(x,).] € B,
I[(zn)nlll = sup  lim 2, (@ @ Ty~ )]
a€A 1 n—w

Indeed, let [|[(z4)a]ll" = supsea, , impow [[zn(a @ Ly~ )| for any [(zn)n] € B.
Then it can be easily checked that || - || is a well defined C*-norm on B. By the
uniqueness of the C*-norm, ||[(zn)n]l] = |[(zn)n]l]’ for any [(x,).] € B. The action
v on A® W induces a natural action on B. We denote it by the same symbol ~y
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for simplicity. In this section we shall consider properties of the fixed point algebra
B.

Consider the GNS representation (7, H;) of A ® W associated with 7. Note
that 7, extends to a representation 7, of M(A®@ W) on H, and 7,(M(A®@W)) C
7 (A®W)" (see, for example, [38, 3.12]). Put

M =N, 7 (A@W)") /{{zn}nen | gl_rfb%(xrtwn) =0},

and define a homomorphism II from A to M by Il(a) := (7,(a ® 1lyy~)),. Note
that M is a von Neumann algebraic ultrapower of 7. (A®W)". Since 7 = 74 @ Ty,
7 (A®@W)" is isomorphic to 7., (4)" &7, W)". Moreover, m.(A@W)", 7, (A)"
and 7, (W)" are isomorphic to the AFD II; factor Ry. Set

M := M NTI(A).

It is easy to see that M is isomorphic to (Ro®Rg)* N (Re@C)’ where (Ro®@Ro)*
is the von Neumann algebraic ultrapower of Ro®@Rg.

Proposition 3.1. With notation as above, M is a factor of type II;.

Proof. Let {N,,}22; be an increasing sequence of finite-dimensional subfactors such
that Ro = (U, —; N»)". Since (Ro®Ro) N (N,&C)" = (Ro N N, )RRy is a factor of
type IIy, the same proof as in [52, Theorem XIV.4.18] shows this proposition. O

The action ¥ = @ ® id on 7. (A @ W)" = 7., (A)" &7, (W)” induces an action
on M. We denote it by the same symbol 4 for simplicity. The following lemma is
essentially based on [4, Proposition 2.1.2].

Lemma 3.2. The action 4 on M is outer.

Proof. Tt is enough to show that for any element (uy,), in (Ro®@Rg)* N (Re&C)’,
there exists an element (z,,), in (Rg®@Ro)* N (Ro®C)’ such that (Y(xn))n # (n)n
and [(Zn)n, (un)n] = 0.

Let (un)n be an element in (Ro®@Rp)“ N (Re®C)’. By [52, Theorem XIV.4.16],
there exists an element (a,), in R§ N Ry such that (&(ay,))n, # (an), because &
is outer and Ry is the AFD II; factor. Put (zp)n = (an ® 1r,)n in (Re®@Ro)¥.
Then (¥(zn))n # (Tn)n and [(zn)n,y] = 0 for any y € Ro®Ro. Taking a suitable
subsequence of (z,),, we obtain the conclusion. O

By Proposition 3.1 and Lemma 3.2, we obtain the following proposition.
Proposition 3.3. The fixed point algebra M7 is a factor of type II;.

Define a homomorphism ® from (A ® W)“ to M by ®((zy)n) = (7+(n))n. By
Kaplansky’s density theorem, we see that ® is surjective. It is easy to see that ®
maps A into M. The following proposition is essentially based on [26, Theorem
3.3] and [34, Theorem 3.1].

Proposition 3.4. The restriction ®|4 : A — M is surjective.

Proof. Let x be a contraction in M. Then there exists a contraction (z,), in
(A®@W)¥ such that ®((zy),) = . Let D be a C*-subalgebra of (A®@W)“ generated
by {((a @ Lyy~)zp)n, (xn(a @ Lyy~)), | @ € A}, and put I := ker ®|p. Then the
rest of proof is same as the proof of [34, Theorem 3.1]. O

Let {h,}nen be an approximate unit for A. Since lim, o 7(h, @ 1yy) = 1,
a similar argument as in the proof of [37, Proposition 2.1] shows Z C ker ®|4.
Therefore ®| 4 induces a surjective homomorphism ¢ from B to M. Since v is an
action of a finite group, it is easy to show the following proposition.

Proposition 3.5. The restriction g|g- : BY — M7 is surjective.
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The following lemma is essentially based on [34, Lemma 3.2]. This lemma may
be considered that a homomorphism a — a ® lyy~ from A to M(A @ W)¥ has
“property (SI) with respect to A @ W”.

Lemma 3.6. Let (x,), and (y,), be positive contractions in A such that

lim 7(x,) =0 and inf lim 7(y.') > 0.

n—w meNn—w

Then there exists an element (s,), in A such that (s%s,)n = (Zn)n and (Ynsn)n =
($n)n-

Proof. Similar arguments as in the proofs of [34, Lemma 3.2] and [32, Theorem 1.1]
with some modifications in [35, Section 5] show this lemma. Indeed, let ¢ be a pure
state on A. We can uniquely extend ¢ to a pure state ¢ on A~. Since we may
assume that A is a (separable simple) non-type I C*-algebra, K(Hz) N7z(A™) =
{0}. Therefore [26, Proposition 5.9] implies that the identity map on A™ can be
approximated in the pointwise norm topology by a completely positive map 3 of
the form
va) =Y @(dadj)cie;, ac A,
ij=1

where ¢;,d; € A~. Note that >, ., ¢(djad;)(cjc; @ ly~)z, is an element in
A®W. Since A ® W has strict comparison, a similar argument as in the proof of
[34, Lemma 3.2] (we need to use [35, Lemma 5.7]) shows that there exists a sequence
of (sp)n In AQW such that (f,8n)n = (Sn)n and (s (a@ 1w~ )$n)n = ((a@ 1y~ )ey)
in (A®@ W) for any a € A~. Therefore we obtain the conclusion (see [35, Remark
5.5]). O

For any [(zn)n] € B, let 78([(x5)n]) := limy 0 7(2,). By a similar argument as
in the proof of [37, Proposition 2.1], 75 is a well defined tracial state on B. The
following proposition is essentially based on [33, Proposition 4.5]. See also the proof
of [31, Theorem 4.7].

Proposition 3.7. Let x and y be positive contractions in B” such that
8(z) =0 and inf 75(y™) > 0.
meN
Then there exists an element s in B” such that s*s =z and ys = s.

Proof. Let (x,), and (y,), be positive contractions in A such that = = [(z,),] and
Yy = [(yn)n]. Then we have

('Vg(xn) —Tp)n(a®@1y~) =0 and ('Vg(yn) —Yn)n(a® lyy~) =0

for any a € A and g € G. Since « is strongly outer, Theorem 2.2 implies that there
exists a positive contraction (f,,)n in A, such that
. 1
(ag(fr)on(fn))na =0 and T%lg}u TaA(fn) = @

for any a € A and g,h € G with g # h. Let {k,}>2; be an approximate unit for
W. Then we have (f, ® ky)n € A,

1

G|
for any a € A and g,h € G with g # h. Using [35, Lemma 5.6] instead of [32,
Lemma 4.6], a similar argument as in the proof of [33, Proposition 4.5] shows that
there exists a positive contraction (g, ), in A such that

7}% Vg (fn @ kn) 0 (fr @ kn)(a @ ly~) =0 and hH}UT(fn ® kn) =

n—

(gn)n < (yn)nv inf lim T(g;n) >0 and 71%79(:&7%)'711@71)(@@ 1W~) =0

meNn—w
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for any ¢ € A and g,h € G with g # h. By Lemma 3.6, there exists an element
(rn)n in A such that (rXr,)n = (2n)n and (§nrn)n = (Tn)n. Since (Y, ), is a positive
contraction and (g,)n < (Yn)n, we have (y,7n)n = (rn)n. Put

nn- |G|ng rnn

geG
Then we have

(Wg(sn) _Sn)n =0, (stn _xn)n(a(g)lWN) =0 and (ynsn_sn)n(a(g)]-WN) =0

for any a € A and g € G. Therefore, putting s := [(s,)n] € B, we obtain the
conclusion. O

The following proposition is essentially based on [33, Proposition 4.8] and [34,
Proposition 3.3].

Proposition 3.8. (i) 73 is the unique tracial state on B7.
(ii) BY has strict comparison.

Proof. (i) By Proposition 3.3 and Proposition 3.5, it suffices to show that if [(x,, )]
is a positive contraction in ker g|gv, then T'([(x,)n]) = 0 for any tracial state T
on BY. Note that [(z,),]'/? € ker o|gv, and hence 75([(zn)n]) = 0. Let {e,}n—1
be an approximate unit for A ® W. Then it is easy to see that for any m € N,
8(([(en)n] — [(xn)n])™) = 1. By Proposition 3.7, there exists an element s; € BY

such that sjs1 = [(n)n] and ([(en)n] — [(xn)n])s1 = s1. Hence we have s1s7 <
[(en)n] — [(n)n]. Since [(zn)n] + s187 is a positive contraction and 75([(2n)n] +
s187) = 0, the same argument as above shows that there exists an element s, € BY
such that sisy = [(xn)n] and ([(en)n] — [(Tn)n] — $187)S2 = s2. Repeating this

process, for any N € N, we obtain elements s1, So, ..., sy in B? such that

sisi = [(zn)n] and [(xn)n +Zsls < [(en)n]

Since T is a tracial state and [(ey)n] is a contraction, (N + D)T([(zn)n]) < 1.
Therefore T'([(xr)n]) = 0.

(ii) Since W@ M, (C) is isomorphic to W, it can be easily checked that BY®@M,, (C)
is isomorphic to BY. Hence it is enough to show that if ¢ and b are positive elements
in BY with d,,(a) < d.,(b), then there exists an element r in B” such that r*br = a.
Using Proposition 3.3, Proposition 3.5 and Proposition 3.7 instead of [33, Lemma
4.2], [33, Theorem 4.3] and [33, Proposition 4.5], the same argument as in the proof
of [33, Proposition 4.8] shows this. Therefore the proof is complete. O

4. STABLE UNIQUENESS THEOREM

In this section we shall show a variant of [37, Corollary 3.8] which is based on
the results in [12](see also [10]), [11](see also [14]), [6] and [7].

First, we shall define a homomorphism p from F(AQW)" to BY. Let {k,}22, be
an approximate unit for W with k,,41k, = k,, and let Wy := {k,bk, | n € N,b €
W1. Then W is a dense self-adjoint subalgebra of W. For any (z,,), € (AQW).,,
a€ A beWand N € N, we have

(Ta~ @ kn)an(1ax @0)(a @ Iw~))n = (La~ @ knkny1)2a(a ®D))n
(( oy kaN-i-lb)xn)n
= ((1a~ ®kn)zpn(a ® kni1b))n
= ((a @ knkni1)rn(la~ ©b))n
= ((a® Iw~)(1a~ @ kn)zn(la~ @ b))n.
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Hence ((1a~ ® kn)Zn(la~ ®D))y € A. For any [(z,)n] € F(A@W)Y and knbky €
W, define
p([(zn)n] ® knbkn) = [(1a~ ® kn)zn(la~ @ bkN))n] € B.

We shall show this is well defined. Let [(2)n] = [(Yn)n] € F(A®@W)Y and knbky =
kn:b'kne € Wy. For any a € A, we have

((QLa~ @ kn)rn(la~ @ bkN) = (La~ @ kno)yn(la~ @ V'En))(a @ Ly~))n

= ((1a~ @ kn)zp(a @ bky) — (la~ @ k' )yn(a @ kN1 ))n

= ((a ® kokN):L’n - (a X kN/blkN/)yn)n = ((a X k'kaN)(JZn — yn))n =0.

Therefore [((1a~ ® kn)xn(la~ @ bky))n] = [((1a~ @ kn/)yn(1a~ @ V'knr))n]. By
a similar argument, it can be easily checked that p is a homomorphism from the
algebraic tensor product F(A® W)Y ® Wy to B”. Since we have
lo([(zn)n] ® knbkn)| = sup - lim [(1a~ ® kn)an(la~ ® bkn)(a @ Ly~
a€Ay , MW

sup lim ||(a ® knbkn)z,||

a€Ay 1 n—w

IN

sup  lim [afl[[kn bk |||
€A, 4 TTW

i |y [| - [[kn0kn]],
n—w

p can be extended to a homomorphism from the algebraic tensor product F(A ®
W)Y © W to BY. Consequently, p can be extended to a homomorphism from
F(A@ W)Y @ W to B because W is nuclear. By the construction of p, it is easy
to show the following proposition.

Proposition 4.1. Let (z,), be an element in A such that [(z,,)n] = p([(zn)n] ® D)
for some [(#n)n] € F(A® W)Y and b € W. Then

(2n(a ® ly~))n = (zn(a @ b))n
for any a € A.
Remark 4.2. Note that there exists an element (z,), in (A ® W), such that
(rp)n ¢ A. Indeed, if a is not an element in the center of A, (a ® (k2 — ky))n is

such an element. But we do not know whether there exist (x,), € (A ® W), and
b € W such that (z,(1a~ ®@b)), & A.

The following lemma is an analogous lemma of [37, Lemma 3.6].
Lemma 4.3. If z is a positive element in F(A ® W), then

8(p(x @ b)) = 7 ()70 (D)
for any b € W.

Proof. Let (z)n be an element in A such that [(z,),] = p(z ® b), and let {h,}52,
be an approximate unit for A. Note that 7g(p(x ® b)) = lim,_,, 7(2,). Since
lim,, 00 7(hy, ® 1yy) = 1, a similar argument as in the proof of [35, Proposition 5.3]
shows

lim 7(z,) = lm lim 7(z,(hm @ Lyy~)).

n—w m—0o0 Nn—rw

By Proposition 4.1 and [37, Lemma 3.6],

hirclu’r(zn(hm X 1WN)) = Tw(w)T(hm ® b) = Tw(x)TA(hm)TW(b)

n

for any m € N. Therefore 75(p(z®b)) = 7, ()1 (b) since lim, 00 T4 () = 1. O
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For a projection p in F(A ® W)7, let
By = p(p® s)B7p(p® s)

where s is a strictly positive element in WW. Note that B} is a hereditary subalgebra
of B. Define a homomorphism o, from W to B) by

op(b) = p(p®b)

for any b € W.

Since the target algebra B” has strict comparison by Proposition 3.8, the same
proof as [37, Proposition 3.7] shows the following proposition by using Lemma
4.3 instead of [37, Lemma 3.6]. See [37, Definition 3.2] for the definition of the
(L, N)-fullness.

Proposition 4.4. There exist maps L : Wy 1\{0}x(0,1) - Nand N : W, 1\{0} x
(0,1) — (0,00) such that the following holds. If p be a projection in F(A ® W)7
such that 7,(p) > 0, then o, is (L, N)-full.

The following corollary is an immediate consequence of [37, Proposition 3.3] and
the proposition above. For finite sets F; and Fo, let 1 @ Fo :={a®b|a € F1,b €
Fat.

Corollary 4.5. Let 2 be a compact metrizable space. For any finite subsets
F, C C(Q), F, ¢ W and ¢ > 0, there exist finite subsets 1 C C(Q), Fa C
W, m € N and § > 0 such that the following holds. Let p be a projection in
F(A ® W) such that 7,(p) > 0. For any contractive (F1 ® Fa,d)-multiplicative
maps ¢, : C(2) @ W — B, there exist a unitary element u in M,,2,(B])~ and
21,22, vy Zm € € such that

m

m m

lu(e(f @ b) & €D f(zr)p(p@b) & - & @D f(zk)plp @ b))u*
k=1 k=1

—p(feb) 0@ fa)pp@b) @ - o@D f(2r)p(p@b) || <€
k=1 k=1
for any f € Fy and b € F5.

5. CLASSIFICATION OF NORMAL ELEMENTS IN F(A ® W)Y

In this section we shall classify certain normal elements in F(A ® W)Y up to
unitary equivalence. Furthermore, we shall consider the comparison theory for
certain projections in F(A @ W)7. We assume that  is a compact metrizable
space in this section.

Using Proposition 2.6 and Proposition 2.7 instead of [37, Proposition 4.1], [37,
Proposition 4.2] and [37, Proposition 4.8], we obtain the following lemma by the
same proof as [37, Lemma 5.1]. See also [30, Lemma 4.1] and [30, Lemma 4.2].

Lemma 5.1. Let F be a finite subset of C(€2) and € > 0. Suppose that ¢ and
are unital homomorphisms from C() to F(A ® W)? such that 7, o ¢ = 7, 0 ¢.
Then there exist a projection p € F(A ® W)?, (F,e)-multiplicative unital c.p.
maps ¢’ and ¢’ from C(Q) to pF(A® W)7p, a unital homomorphism o from C(2)
to (1 —p)F(A®W)7(1 — p) with finite-dimensional range and a unitary element
u € F(A® W)Y such that

0<7u(p) <&, llo(f) = (@' () + () <& IN(f) —u@'(f) + o(Hu’] <e
for any f € F.
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The following theorem is a variant of [37, Theorem 5.2]. See also [30, Theorem
4.5].

Theorem 5.2. Let F} be a finite subset of C'(2), F5 a finite subset of A and Fj
a finite subset of W, and let € > 0. Then there exist mutually orthogonal positive
elements hi, ha, ..., h; in C(2) of norm one such that the following holds. For any
v > 0, there exist finite subsets G; C C(2), Go C A® W and ¢ > 0 such that the
following holds. If ¢ and ¢ are unital c.p. maps from C(Q) to M(A ® W) such
that

T(o(hy)) > v, Vi € {1,2,...,1},

Ile(f), 2l <6, [I[v(f), 2lll <6, Vf € Gi,2 € Ga,
[(e(frf2)—e(fr)e(f2))zll <6, (W (frf2)=v(f)e(f2))zll <6, Vi, f2 € G,z € Ga,
1(vg (2 () = (N2l <6, [(vg((f) =¥ (f))zl <6, Vg € G, f € Gr,x € Ga,
[T(e(f)) = T(W(f)] <6, Vf € Gu,

then there exists a contraction u in (A ® W)™~ such that
(@@ b)(u™u -1 <e, [[(a@b)(uu” =] <&, [[(a®@b)(1y(u) —u)|| <e,

lug(f)(a @ b)u” —¢(f)(a@b)|| <e
for any f € F1,a € Fy, b€ F3 and g € G.

Proof. We may assume that every element in F, and Fj is positive and of norm
one. Take positive elements hy, ho, ..., by in C(Q) by the same way as in the proof
of [37, Theorem 5.2]. We will show that k1, hs, ..., b have the desired property. On
the contrary, suppose that hq, hs, ..., h; did not have the desired property. Then
there exists a positive number v satisfying the following: For any n € N, there exist
unital c.p. maps ¢, ¥, : C(Q) = M (A ® W) such that

T(on(hy)) > v, Vi e {1,2,...,1},
[len (f1), 2]l = O, [I[eon(f1), 2]l = 0, [(en(f1f2) — en(f1)en(f2))z] — 0,
[(¥n(f1f2) = n(f1)don(f2))z] = 0, [[(vg(on(f1)) — en(f1))zl] = 0,
1(vg (n(f1)) = ¥n(f1))z]l = O, [T(@n(f1)) = 7(¥n(f1))] = O
as n — oo for any fi, fo € C(), 2 € A®W and g € G and

rer B e, IMen 0 @ O = (Dl 0l = ¢

for any contraction u in (A ® W)™ satisfying
(@ @b)(74(u) —u)|l <&, [[(a@b)(u u—1)[| <e, [[(a@b)(uu” —1)[ <e
for any a € Fy, b€ F5 and g € G.

Define homomorphisms ¢ and ¢ from C(Q) to F(A@W)" by ©(f) := [(¢n(f))n]
and Y(f) := [(¥n(f))n] for any f € C(2). Then we have

Twoop=T1,0% and 7,(p(h;)) >V
for any i =1,2,...,1.
We obtain finite subsets 3 C C(2), Fo C W, m € N and 6 > 0 by applying
Corollary 4.5 to F} and F3 and ¢/7. Put

) v
F! = FUFU{h, ha, ... b d ¢ :=min{ <, 7 .
1 1 1 { 15782y ceey l} an € mln{7 max{||b\| | bEJ:Q} (m2+2)
Applying Lemma 5.1 to FY{, &', ¢ and v, there exist a projection p € F(A®@W)7,
(FY,&")-multiplicative unital c.p. maps ¢’ and ¢’ from C(Q) to pF(A @ W)7p,
a unital homomorphism o from C(Q2) to (1 — p)F(A ® W)7(1 — p) with finite-
dimensional range and a unitary element w € F(A ® W)" such that

0<7(p) <€, llo(f) = (') + oI <& 1) —w@'(f) +o(FHwl| <&
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for any f € F{. The Choi-Effros lifting theorem implies that there exist sequences
of contractive c.p. maps ¢/, ¥, and o, from C(92) to A ® W such that ¢'(f) =
(Dl 90 = [Pl and o(f) = [(@n(f)a] for any f € C(©). By
[37, Proposition 4.9], there exists a unitary element (wy), in (A ® W) such that
w = [(wn)n]. Note that we have (z7v4(wy,))n = (xwy )y, for any g € G and z € AQW,

im0 ()a @ 8) — (1) + onl (@b < & )

and

Tim [0 (7)(a © ) = wa (W4,(1) + o) @ D | < 2 )

for any f € F{, a € F; and b € F3.
Define c.p. maps ®" and ¥’ from C(2) @ W to B} by

®' :=po (¢ ®idy) and ¥ :=po (¥ @idy).

Then & and ¥’ are contractive (F; @ Fo, §)-multiplicative maps. Hence Corollary
4.5 implies that there exist a unitary element U in M,,21(B))~ and z1, 22, ..., zm €
) such that

m

U@ (fob)e@ f)ppeb) e o@D fla)plpeb)U
k=1

m

~V(fen e @ farpeb) e e @ fErpeb) | < -
k=1 k=1
for any f € F} and b € F3.

Using Proposition 2.3 instead of [37, Proposition 4.1], the same argument as in
the proof of [37, Theorem 5.2] shows that there exist mutually orthogonal projec-
tions {p;x}7%—; in (1 —p)F(A®W)Y(1 - p) and a homomorphism o : C(Q2) —
1-p—q@F(A®W)Y(1 —p—q) where ¢ = kazl pj,k such that

ot — | 323 s +0"(1) | I < =

j=1k=1

for any f € Fy and p;j is Murray-von Neumann equivalent to p for any j,k =
1,2,...,m. Define a homomorphism & from C(Q) to F(A® W) by

) = Z Z fGr)pjk +0"(f)

j=1k=1

for any f € C(Q). By the Choi-Effros lifting theorem, there exists a sequence of
contractive c¢.p. maps &, from C(Q) to A ® W such that 6(f) = [(6,(f))n]. Note
that we have 5
. . €
I ([0 (7) (@ ®b) ~ 60()a® b)]| < = )

for any f € Fy, a € Fy and b € F3.

Since we can regard ®'(f®@b)+>_71, > f(2k)p(pj 1 ®D) € By, as an element
in M,2,1(B)), the same argument as in the proof of [37, Theorem 5.2] shows that
there exists a unitary element V in (B7)™~ such that

V(@' (f ®b) + p(6(f) @b)V™ = (¥'(f @) + p(6(f) @ )| < %

for any f € Fy and b € F3. Let (v,), be a contraction in A~ such that V =
[(Vn)n]. Then we have ((a ® lyy~)viv,)n = ((@ ® Lyy~)v,vi), = a ® 1y~ and
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((a ® Iyw~)vg(vn))n = ((a ® Lyy~)vy,), for any g € G and a € A. Furthermore, we
see that

lim [|vy (¢, (f) + 6 (f))(a @ b)vy, — (W (f) + a(f)) (@@ b)| < ; (4)

n—w

for any f € Fi, a € F, and b € F3 by Proposition 4.1.
Put (up)n = (Wpvn)n € (A ® W)~)“. Then we have
((a ®@b)upun)n = ((a @ b)vyvp)n =a®b
and
((a @ b)upuy)n = (wn(a @ b)vpviwy)n = (Wp(a @ b)w) )y =a®b
for any a € A and b € W. Also, we have

(e® b)'Yg(un))n =((a® b)’Yg(wn)’Yg(Un))n = ((a® b)wn'}/g(vn))n
= (wn(a @ b)vg(vn))n = (Wn(a@a @ b)vp)n = ((a @ b)uy)n
for any g € G, a € A and b € W. By (1), (2), (3) and (4), we see that
T [ ()@ B — (/)0 @ B)] < &

for any f € Fy, a € Fy and b € F5. Therefore, taking a sufficiently large n, we
obtain a contradiction. Consequently, the proof is complete. O

The following theorem is the main result in this section.

Theorem 5.3. Let N; and Ny be normal elements in F(A ® W)Y such that
Sp(N1) = Sp(Na) and 7. (f(N1)) > 0 for any f € C(Sp(N1)); \ {0}. Then there
exists a unitary element u in F(A ® W)7 such that uNju* = Ny if and only if
Tw(f(N1)) = 7 (f(N2)) for any f € C(Sp(N1)).

Proof. By a similar argument as in the proof of [37, Theorem 5.3], we can prove
this theorem. We shall give a proof for reader’s convenience.

Since the only if part is clear, we will show the if part. Define unital ho-
momorphisms ¢ and ¥ from C(Sp(N1)) to F(A ® W)Y by o(f) := f(N1) and
W(f) := f(N3), respectively. By the Choi-Effros lifting theorem, we see that there
exist sequences of unital c.p. maps ¢, and 1,, from C(Sp(N7)) to (A ® W)™ such

that £(80) = [(2a(£)n] and F(N2) = ()] for any J € C(Sp(MN)- Then we

7(en(f1)) = 70 (f1(N)) = 0, [[[en(f1), 2]l = O, [[¥n(f1), 2]l = 0,

[(on(f1f2) = en(fr)en(f2))zll = 0, [[(Yn(f1f2) = Pu(fr)¥n(f2))z] = 0,
(Vg (on (f1)) = en(fL))ll = 0, [[(vg(¥n(f1)) = n(f1))]| =0,

IT(en(f1)) = T(¥nl(f1))] =0
as n — w for any f1, fo € C(Sp(N1)),z € A®@W and g € G.
We denote by ¢ the identity function on Sp(Np), that is, ¢(2) = z for any
AN Sp(Nl) Let F| = {l,L} C C(Sp(Nl)), and let {FQ,k}keN and {FB,k}keN
be increasing sequences of finite subsets in A and W such that A = (J, oy F2,x and

W = Upien F3,k, respectively. For any k € N, we obtain mutually orthogonal posi-
tive elements Ay, ho g, .., Ry, in C(Sp(N1)) of norm one by applying Theorem
5.2 to Fl, FQ’k, Fg’k and 1/k Put

Vg = %miH{Tw(hlyk(Nl)),Tw(hgyk(Nl)), ~~~7Tw(hl(k),k(N1))} > 0.

Applying Theorem 5.2 to vy, we obtain finite subsets G1  C C(Sp(N1)), Ga.x C
A®W and 0, > 0. We may assume that {G1 i }ren and {Ga x }ren are increasing
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sequences and 0y > Jx4q for any kK € N. We can find a sequence {Xj}%2, of
elements in w such that X C Xj41 and for any n € Xy,

17(n(hi k) = Tw(hi k(N < v, [llen(fr), 2]l < 0k, [[[¥n(f1), 2]l < 6%,

[(en(fif2) — en(f1)on(f2))x|| < Ok, |(¥n(fif2) — Yn(f1)n(f2))z]l < Ok,
[(vg (2n (f1)) = on(F))zll < Ok 179 (¥n(f1)) — Yn(f1))zll < Ok,
|7 (on (1)) = T(n(f1))] < 0k
for any i € {1,2,...,1(k)}, f1,f2 € G1.k, ® € Ga, and g € G. Since we have
T(pn(hik)) > Tw(hik(N1)) — v > 2v — v = vy,
for any ¢ € {1,2,...,1(k)}, Theorem 5.2 implies that for any n € Xy, there exists a
contraction u , in (A ® W)~ such that
1

1
(@ @ b)(uj, punn — D < e

7 Na@b)(ur g, — 1)l <

1 . 1
I(a ® b) (g (urn) = urn)ll < 2+ lltknpn(f)la®b)ui = du(f)la@d)| <
for any f € F1,a € Foy, b€ F3y, and g € G. Since Fy = {1,¢}, we have
2
turn, @ ® Bl < fJukn(a® b)(1 =y purn) | + [[(urn(a @ O)uy  — @ @ b)upnll <
and

N 1
[urnpn () (a @ b)uy = Yn()(@ @ D) < -
for any n € Xj, a € F, and b € F3 ;. Put

tn = Uk,n if n e X \Xk+1 (/ﬂ € N)

Then
[(a® b)(upun —1)[| =0, [[(a ®b)(unuy — 1) =0, [[(a®b)(vg(un) — un)|| =0,

I[tn, a @B}l = 0, [[(un@n(t)us, = n(t))(a @ b)|| = 0

asn — w for any a € A, b € W and g € G. Therefore [(uy),] is a unitary element
in F(A@ W)Y and [(un)u]N1[(tUn)n]* = Na. O

Applying the theorem above to projections, we obtain the following corollary.
Note that if p is a projection, then C(Sp(p)) can be identified with {A1p + Aa(1 —
p) | A1, A2 € C}. Hence it is clear that 7,(f(p)) > 0 for any f € C(Sp(p))+ \ {0}
if and only if 0 < 7,(p) < 1. Also, for projections p and ¢, we have 7,(f(p)) =
To(f(q)) for any f € C(Sp(p)) if and only if 7,,(p) = 7., (q).

Corollary 5.4. Let p and g be projections in F(A® W)Y such that 0 < 7,(p) < 1.
Then p and ¢ are unitarily equivalent if and only if 7,(p) = 7, (q).

The following corollary is important in the next section.

Corollary 5.5. Let p and ¢ be projections in F(A® W)Y such that 0 < 7,,(p) < 1.
Then p and ¢ are Murray-von Neumann equivalent if and only if 7, (p) = 7.,(q).

Proof. By Corollary 5.4, it suffices to show that if p is a projection in F(A @ W)Y
such that 7,,(p) = 1, then p is Murray-von Neumann equivalent to 1. Proposition
2.6 implies that there exists a projection r in F(A ® W)Y such that » < p and
T.(r) = 1/2. By Corollary 5.4, p — r is unitarily equivalent to 1 — . Therefore
p = (p—r)+r is Murray-von Neumann equivalent to (1 —7) +r = 1. O
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6. ROHLIN TYPE THEOREM

In this section we shall show that v has the Rohlin property.
For a y-cocycle w in F(A® W), define an action v on F(A Q@ W) ® M2(C) by

ﬁ“zAd<<é w&)>>oﬁ@®ﬁ)

for any ¢ € G. Since v has the weak Rohlin property, we obtain the following
lemma by similar arguments as in [33, Proposition 4.8] and [34, Proposition 3.3]
(see also arguments in Section 3). We leave the proof to the reader.

Lemma 6.1. Let a and b be positive elements in (F(A®W)® M(C))"" such that
dr,oTr,(a) < dr, @Tr, (b) where Try is the (unnormalized) usual trace on Mz(C).
Then there exists an element 7 in (F(A® W) ® M3(C))"" such that r*br = a.

The proof of the following lemma is based on Connes’ 2 x 2 matrix trick in [5,
Corollary 2.6].

Lemma 6.2. Every y-cocycle w in F(A ® W) is a coboundary.

Proof. Let € > 0. By Proposition 2.6, there exists a projection p. in F(A® W)
such that 7, (p:) = 1 — e. Taking a suitable subsequence of a representative of p.,
we may assume that w(g)p. = p.w(g) for any g € G. Lemma 6.1 implies that there
exists an element R, in (F(A® W) ® My(C))?" such that

(10 0 0
7 (o 0)r= (0, )

The diagonal argument shows that there exist a projection p in F(A® W)7 and an
element R in (F(A® W) ® My(C))?" such that 7,(p) = 1 and

(1 0\, (00
w(o0)e=(o0)
By Corollary 5.5, there exists an element s in F(A ® W)" such that s*s = 1 and

ss* = p. Taking suitable subsequences of representatives of s, p and R, we may
assume that w(g)s = sw(g) for any g € G and

0 0\, (10 00\ (00
(o &) (oo)e(o)=(o1)

It it easy to see that there exists a projection ¢ in F'(A ® W)? such that 7,(¢q) =1
g 0y (10 0 0 «f 1 0
(00)_(00)R(0p o o)

By Corollary 5.5, there exists an element ¢ in F'(A ® W)Y such that t*¢ = 1 and

tt* = q. Put
0 «f t O
=(o e+ )m(od)

w

0
0
Then we have V € (F(A®@ W) ® My(C))7 ",

«, (10 « (0
VV_(OO) and VV—(0
It is easy to see that there exists a unitary element v in F(
0 0
v=(1 o)
Since V € (F(A®@ W) ®@ M2(C))"", w(g)y,(v) = v for any g € G. Consequently, w
is a coboundary. O

:bb—‘o

29.

W) such that
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Remark 6.3. The lemma above shows that the first cohomology of ~ vanishes.
This property is one of the important properties for the Bratteli-Elliott-Evans-
Kishimoto intertwining argument (see, for example, [13] and [27]) in the classifica-
tion of Rohlin actions.

The following theorem is the main result in this paper.

Theorem 6.4. Let A be a simple separable nuclear C*-algebra with a unique
tracial state and no unbounded traces, and let o be a strongly outer action of a
finite group G on A. Then v = ¢ ® id on A ® W has the Rohlin property.

Proof. We identify B(¢*(G)) with M|g|(C). Also, we can identify F(A® W) with
F(AOW®RQ,,cn M | (C))7®! because W is UHF stable. Let A be the left regular
representation of G on £2(G). Define a map w from G to F(A® W)Y by

w(g) = [(hn @ kn ®1® - @ 1TRNg) @ 1@+ )]

where {h,}°2; and {k, }°2; are approximate units for A and W, respectively. Then
w is a homomorphism, and hence w is a vy-cocycle in F(A ® W). By Lemma 6.2,
there exists a unitary element v in F(A ® W) such that w(g) = vv,(v*) for any
g € G. For any g € G, let e be a projection onto Cé, where {6, | h € G} is the
canonical basis of £?(G), and put

* /_:L\H
Pg =0 [(hn @k, R1® - ®1RegRL® - )plv.
Then {pg}4ec is a partition of unity in F(A®W) consisting of projections satisfying

Vg (ph) = Pgh
for any g,h € G. Consequently, v has the Rohlin property. O

Combining the theorem above and the classification results in [2] and [10], we
obtain the following corollary.

Corollary 6.5. Let A and B be simple separable nuclear C*-algebras with a unique
tracial state and no unbounded traces, and let o and 8 be strongly outer actions
of a finite group G on A and B, respectively. Then o ® id on A ® W is conjugate
to f®id on B ® W.

Proof. By [2, Theorem 6.1], A® Z and B ® Z have finite nuclear dimension. Hence
[10, Corollary 6.7] implies that A® W and B ® W are isomorphic to WW. Therefore
we obtain the conclusion by Theorem 2.5 and Theorem 6.4. O

Remark 6.6. (1) If o' is not a strongly outer action of a non-trivial finite group G
on A, then (A® W) Xqrgia G has at least two extremal tracial state. Hence o ® id
is not (cocycle) conjugate to the action in the corollary above.

(2) There exist uncountably many non-conjugate strongly outer actions of Zy on
W by [36, Example 5.6] and [36, Remark 5.7].

(3) For generalizing the corollary above to amenable group actions, it seems to be
important that we characterize W by using the central sequence C*-algebra F'(W).
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