ON THE ANDO-LI-MATHIAS MEAN AND THE KARCHER MEAN
OF POSITIVE DEFINITE MATRICES

JUN ICHI FUJII' AND YUKI SEO?

ABSTRACT. In this paper, from the viewpoint of the Ando-Hiai inequality, we make a
comparison between the Ando-Li-Mathias geometric mean and the Karcher mean of n
positive definite matrices. Among others, we show complements of the n-variable Ando-
Hiai inequality for the Ando-Li-Mathias geometric mean by means of the Kantorovich
constant.

1. INTRODUCTION

Let Ml = M, be the set of all d x d matrices on the complex number field C, P = P,
be the set of all d x d positive definite matrices and I stands for the identity matrix.
For Hermitian matrices A, B we write A > B or B < A to mean that A — B is positive
semidefinite. In particular, A > 0 indicates that A is positive semidefinite. This is known
as the Lowner partial order, or the usual order. If A is positive definite, that is, positive
semidefinite and invertible, we write A > 0. For two positive semidefinite matrices A and
B, the matrix geometric mean A f, B is defined by

At, B= A} (A—%BA—%>QA% forall0<a <1

if A > 0. In the case of a = %, we denote A f1/2 B by A § B simply. In 2004, Ando, Li
and Mathias [2] succeeded in the formulation of the geometric mean for n positive definite
matrices, and they showed that it has many required properties as the geometric mean.
The weighted version of the Ando-Li-Mathias geometric mean was established by Lawson
and Lim [19]. Following [2], we recall the definition of the Ando-Li-Mathias geometric
mean Gam(Az,- -+, A,) for n positive definite matrices Ay,---, A,. We simply call it
the ALM mean. Let Gam(Ai1, A2) = Ay £ Ay, For n > 3, Gam(Ay, -+, A,) is definied

inductively as follows: Put AZ(»O) =A;foralli=1,...,n and

AET) = Ga1m<<A('r_1))j7éi) = Galm(AY_l)7 T JAZ(’i_ll)7 AE:—_II)7 to 7A(r_1))

] n

inductively for 7. Then the sequences { A"} have the same limit for all i = 1,...,n in the

Thompson metric d(A, B) =| log A"2 BA™2 ||, for positive definite A and B, where the
spectral (operator) norm of X € My is defined by || X [[oo= max{ || Xz ||| = ||= 1,z €
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C?}. So we can define G (A1, -+, A,) = lim, o AET). Then the arithmetic-geometric-
harmonic mean inequality holds:

-1
1< 1<
—E At < Gam(Ay,--- A, <—E A;.
(n i=1 Z> = Gl 7 >_ni:1

Since then, many authors have studied geometric means of n-matrices [10, 17, 18]. On the
other hand, Moakher [21] and then Bhatia and Holbrook [8] suggested a new definition of
the geometric mean for n positive definite matrices by taking the mean to be the unique
minimizer of the sum of the squares of the distances dy(A, B) =|| log A"2 BA™= ||, with
the Hilbert-Schmidt norm || A |2= /tr(A*A). Computing appropriate derivatives as in
21, 6] yields that it coincides with the unique positive definite solution of the Karcher
equation

(1.1) D wilog XT2AXTE =0
i=1

for given n positive definite matrices Ay, .-+, A,, where w = (wy, -+ ,w,) is a weight
vector, i.e., wy, -+ ,w, > 0and ) w; = 1. We say the solution X of (1.1) the Karcher
mean, or the Riemannian mean for n positive definite matrices Aq,---, A, and denote
it by Gi(w; Ay, -+, Ap), see also [9, 20]. In particular, in the case of w = (%, e ,%) we
denote it by Gi(Ay, -+, A,). In the case of n = 2, the Karcher mean G((1 — a, «); A, B)
coincides with the matrix geometric mean A f, B. The matrix geometric mean A t, B
satisfies the following Ando-Hiai inequality [1]: For a € [0, 1]

At, B<I implies AP 4, BP < I forallp>1.

Yamazaki [25] showed that the Karcher mean satisfies the n-variable Ando-Hiai inequality,
though the ALM mean does not satisfy it. In [4], Bhagwat and Subramanjian showed

that for positive definite A;,--- , A,, and a weight vector w = (w1, -+ ,wy)
n % n
lim w AP | = ex w;log A; | .

By taking the logarithm of the arithmetic-geometric-harmonic mean inequality, it follows
that

(1.2) Il)ii%Gk(w;A’f,--- ,Afl)% = exp (ZwilogAi> :
i=1

also see [12]. The right-hand side of (1.2) is called the chaotic geometric mean [14, 22, 23],
or the Log-Euclidean mean [7, 3] and we denote it by

O(w; A, -+, Ay) = exp (Z w; log Ai> .
i=1

In particular, we denote $(Aq, -+, A,) = exp (% o log AZ-) and A $, B = exp((1 —
a)log A + alog B) for a« € [0,1]. The chaotic geometric mean does not have either
of the properties (i) monotonicity and (ii) transformer equality. In fact, it is known
that the exponential map is not order-preserving under the usual order. However, the
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chaotic geometric mean is monotone under the chaotic order and the arithmetic-geometric-
harmonic mean inequality holds under the chaotic order, see [23]. Therefore, the chaotic
geometric mean plays an important role in the field of means.

In this paper, from the viewpoint of the Ando-Hiai inequality, we make a compari-
son among three geometric means: The ALM mean, the Karcher mean and the chaotic
geometric mean of n positive definite matrices. We show complements of the n-variable
Ando-Hiai inequality for the ALM mean by means of the Kantorovich constant.

2. PRELIMINARY

A norm ||-|| on My is said to be unitarily invariant if |[UXV| = || X]|| for all X € My
and all unitary U, V. We denote by || A ||~ the spectral (operator) norm of A: || A ||=
max{ || Az ||:|| # ||= 1,z € C¢}. For a Hermitian matrix A € M, we denote by \;(A) >
Ay(A) > -+ > Ny(A) the eigenvalues of A arranged in the decreasing order with their mul-
tiplicities counted. The notion A\(A) stands for the row vector (A1(A), A2(A), -+, Ag(A)).
The eigenvalue inequality A(A) < A(B) means \;(A) < \;(B) forall j =1,...,d. For two
Hermitian matrices A, B the inequality A(A) < A(B) if and only if A < UBU* for some
unitary matrix U. The weak majorization A(A) <,, A(B) means 3¢ | A;(A) < 3¢ \i(B)
forall k =1,...,d. It is known that A < B = A(A) < A(B) = A(A4) <y A(B). The
Ky Fan dominance theorem states that A\(A) <, A(B) if and only if ||A| < ||B]| for
positive semidefinite A and B. For more information on matrix analysis, see [5].

3. SPECHT TYPE THEOREM

Specht [24] estimated the upper boundary of the arithmetic mean by the geometric one

for positive numbers: For ay,--- ,a, € [m, M] with 0 <m < M
(31) nala/Q"'a/nSugs(h)HGIGQ"'an
n
where h = 2 and the Specht ratio S(h) is defined by
1
h —1)h#-1
(3.2) sy = L= DR gy and sy =1,

elogh

see also [15]. Therefore the Specht theorem (3.1) means a ratio type reverse inequality of
the arithmetic-geometric mean inequality.

In [11], we showed the following Specht type theorem for the ALM mean: For positive

definite Aq,---, A, € P such that mI < A; < MI for i = 1,...,n and some scalars
O<m<M
1 & (M + m)?
. mA7"'aAn<_ A7,<— amAa"'aAna
38 Gl A <035 < SR Gan (A 4)
where the constant (]\44]\7:1)2 is called the Kantorovich constant. Though the weighted

arithmetic-geometric mean inequality does not hold for the chaotic geometric mean, we
showed the following inequality in [11, Lemma 12]: For a weight vector w = (w1, -+ ,wy)

(3.4) S(h) 'O (w; Ay, -, Ay) < zn:wiAi <Sh)O(w; Ay, -+, Ap)

i=1
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where h = % Here, we state the relation between the Kantorovich constant and the

Spehct ratio:

Lemma 3.1. For 0 <m < M and h =2

(M+m)2 2
. <7’ < h)~.
35) sy < LM < g

Proof. The first inequality is due to [26]. For the second inequality, it follows from the
definition of the Specht ratio that

m;M < S(h)VMm

and hence we have Af%m) < S(h)% O

We show the following Specht type theorem for the Karcher mean.
Theorem 3.2. Let Ay, --- , A, be positive definite matrices in P such thatml < A; < M1

for i =1,...,n and some scalars 0 < m < M, and a weight vector w = (w1, ,wy).
Then
(3.6) Gr(w; Ay, -+ Ap) < ZwiAi < %Gk(w; Ap oo L A).

=1

Proof. By the Kantorovich inequality [13], we have

-1

Since the Karcher mean satlsﬁes the arlthmetlc—geometrlc—harmonic mean inequality, it
follows that

—1
(M +m) (M +m)?
< ASL 7 . . )
ZW’A AMm (Z Ai ) < aaim Orwidn s An)

O

Remark 3.3. Since the right hand side of (3.4) implies a commutative case (3.1), the
inequality (3.4) is sharp. However, we don’t know whether it is possible to replace the

(M+m by the Specht ratio S(h) in (3.3) and (3.6).

Kantorovich constant

As a corollary, we have the following order relation between the Karcher mean and the
chaotic geometric mean.

Corollary 3.4. Let Ay,--- , A, € P such that mI < A; < M1 fori=1,...,n and some
scalars 0 < m < M, and a weight vector w = (wy,- -+ ,wy). Put h = % Then

S(h) 1(w; Ay, -+ Ay) < Grlwi Ay, -+, An) < S(h)O(w; Ay, -+, Ay).
Proof. By (3.4), we have
Grw; Ay, Ay) < ZwiAi < S(h)O(w; Ar, -+, Ay)

i=1
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and it follows from the self duality of the Karcher mean and the chaotic geometric mean
that

n -1
Gk<w> Ala U >An> > (Z wiAZ'_1> > S<h)71<><w> Ah e 7An)-
=1

O

Corollary 3.5. Let Ay, -+, A, € P such that mI < A; < MI fori=1,...,n and some
scalars 0 < m < M, and a weight vector w = (wy,- - ,wy). Put h = % Then

[Gr(w; Avs - A | < (1O (w; Avs -+ An) || < S(h) [|Grlw; Aus -+, An)|
for every unitarily invariant norm ||-||, where the Specht ratio S(h) is defined by (3.2).

Proof. The first inequality is due to Theorem C in §4 and (1.2). The second inequality is
due to Corollary 3.4. O

Similarly we have the following order relation between the ALM mean and the chaotic
geometric mean.

Corollary 3.6. Let Ay,--- A, € P such that mI < A; < M1 fori=1,...,n and some
scalars 0 < m < M, and a weight vector w = (wy,- - ,wy). Put h = % Then

S(h)_1<><u)7 Ala e 7An) < Galm(w; A17 Ce ’An) < S(h)@(w’ Alv Ce 7An)
and
S(h’)_l HlGalm(W; A17 to aAn)Hl < ”|<>(w7 A17 T 7An)|” < S(h) ”’Ga]m(w; Al, B 7An)”’
for every unitarily invariant norm |-||, where the Specht ratio S(h) is defined by (3.2).

4. ANDO-HIAI INEQUALITY FOR THE ALM GEOMETRIC MEAN

In this section, from the viewpoint of the Ando-Hiai inequality, we make a compari-
son among three geometric means: The ALM mean, the Karcher mean and the chaotic
geometric mean.

Let Ay, - -+, A, be positive definite matrices in P and a weight vector w = (wy, -+ ,wy).
By definition, the chaotic geometric mean satisfies the n-variable Ando-Hiai inequality:
O(w; A, -+, Ay) < T implies $(w; AT, --- , AP) < T for all p > 0. On the other hand,
Yamazaki [25] showed that

(4.1) D wilogA; <0 implies  Gilw; Ay, -+, Ay) < 1.
i=1
By (4.1), Yamazaki showed the following n-variable Ando-Hiai inequality for the Karcher

mearn:

Theorem B. Let Ay, -+, A, € P and a weight vector w = (w1, - ,wy). Then
(4.2) Grlw; Ay, -+ Ay) < T implies  Gr(w; AV -+ JARY < T forallp > 1
or equivalently,

| Gr(w; AL -+ JAD) [loo < || Gi(w; Ay, -+ AP |lo for allp > 1.

By Theorem B, Hiai [16] showed the following log-majorization for the Karcher mean:
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Theorem C. Let Ay,---,A, € P and a weight vector w = (wy,--+ ,wp). Then for
p=qg>0

Grlw; A%, -, ARYYP|| < || Galw; AL, -+, A4
for every unitarily invariant norm ||-||.

If the ALM mean satisfies the n-variable Ando-Hiai inequality, then it follows from [25,
Corollary 6] that the ALM mean coincides with the Karcher mean. It is known that the
ALM mean is different from the Karcher mean. Hence the ALM mean doe not satisfy
the n-variable Ando-Hiai inequality. Then we have the following evaluation among three
geometric means by means of the Kantorovich constant:

Theorem 4.1. Let Ay, --- | A, be positive definite matrices in P such thatml < A; < M1
fori=1,...,n and some scalars 0 < m < M. Then the following assertions are mutually
equivalent:

(i)  Gr(A},---,AP) < I for allp > 0.

(i) Gam(AL, -+, AR) < QL 1 g all p > 0.

Proof. The equivalence of (i) and (ii) is shown in [25, Theorem 4].
Proof of (ii)==-(iii). By the Kantorovich inequality [13], we have

-1
1 (M+m)? (1<,
A A <=3 A < ——— [ =34
Galm( 1, ) n) =N 7 = AMm. (n . 7

i=1 i=1
(M +m)?
T GL(AyL A,
> AMm k( 1, ; )
and hence it follows from m?I < A? < MPJ for i =1,...,n that
MP + mP)? (MP + mP)?
po... p (— Do, P s vy
Galm(AIJ ) An) S 4Mpmp Gk(A17 I ATL) S 4Mpmp I

for all p > 0.
Proof of (iii)==(i). By assumption

1 p P2\ »
Galm(Aﬁ”...’Ag)pg(M> I

AMPmP
1
for all p > 0. Since lim, g (%) = 1 and the ALM mean Gy (A2, -+, A?)s
converges to the chaotic geometric mean (A, -+, A,) as p — 0 in [12], we have (i). O

We recall the definition of the generalized Kantorovich constant, also see [15, Definition
2.2]. For positive definite Ay,---, A, in P, Jensen operator inequality for an operator
convex function says that

n p n
1 1
—EA‘ <—EAI-J forall 1 <p<2.
(’I’L - z) =7 2 i or a SpP >
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Then we have the following reverse of Jensen operator inequality:

(4.3) —ZA”<KmMp < ZA) for all p > 1,

where the generalized Kantorovich constant K (m, M, p) is defined by

mM?P — Mm? (p—1 MP—mP P
4.4 K M
(1.4 M) = e (P )
for any real numbers p € R. In particular, K(m, M,2) coincides with the Kantorovich
constant %

We need the following lemma to show our results.

Lemma 4.2. Let A and B be positive definite matrices. If A < B, then there exists a
unitary matriz U such that AP < UBPU* for all p > 0.

Proof. If A < B, then there exists a unitary matrix U such that A < UBU* and A
commutes with UBU*. Hence we have AP < (UBU*)? = UBPU* for all p > 0. OJ

By Theorem 3.2, we have the following complements of the n-variable Ando-Hiai in-
equality for the ALM mean.

Theorem 4.3. Let Ay, --- | A, be positive definite marices in P such that ml < A; < M1

fori=1,....n and some scalars 0 < m < M. Then

M +m)*\’
45 Gan(AT - a0V < K (m M) (LN e Ay A,
(45) [Gun (L A< Kl M) (P ) Gl ALY
for all p > 1 and every unitarily invariant norm ||-||. In particular,

M 2\ P
(4.6) Gam(Ay, -+, Ay) < I implies Gam(AY, -+, AP) < K(m, M, p) << 4]\4/'[;”) ) I

forallp > 1.

Proof. By the arithmetic-geometric mean inequality and (4.3), it follows that

Gam (AL, -+, AD) ZAP<Km M, p) < ZA) for all p > 1.

=1
On the other hand, by the Specht type theorem for the ALM mean, it follows that

1 & (M + m)?
=N A < (A A,
n; L= 4Mm Gaim (A1 )

and hence by Lemma 4.2 there exists a unitary matrix U such that

n P
1 (M +m)*\*
—>» Al <|—F———) UGam(A1, -+, A)PU"
<n ; ) - ( 4Mm > im (A1 )
for all p > 1. Combining two inequalities above, we have

M +m)?\"
P, P) < <— prr*
Galm(Ala 7An) = K(m7 M7 p) ( AMm ) UGalm(Ab 7An) U
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and this implies
(M +m)?

P, PN <
[Gun (4 ADI < K, M) (L2

p
) |||Ga1m(A1a e 7An)p||| for all p Z 1.

In particular, it follows that
(M +m)*

P, p <
| G-+ 42) o Ko, 00 p) (L1

P
) | Gatm( A+ AP [l
for all p > 1. If Gam (A1, -+, An) < I, then

M 2\ P
Galm(AII)’ T 7Afz) SH Galm(Allj, cee ,Aﬁ) ||oo§ K(m,M’p) (—( +m) )

AMm
for all p > 1. 0

Remark 4.4. We can improve the result of (4.6) a little more. In fact, it follows that

(M +m)>\"™ N
Galm(Allja"'?Az)§K<m7M’p)(W UGalm(Al,-..,An)p U E;Al

and hence if Gam (A1, -+, A,) < I, then we have

(M+m)2\""' [1 &
P .. Py < A _ § .

for all p > 1. Put

) = mingscm, 1,p) (LLETN e, agpy (ALE5)

for p > 1. Then we have the following Ando-Hiai inequality for the ALM mean.
Gam (A1, -+, An) <1 implies  Gam (A7, -+, A7) < A(p)]
for all p > 1. However, we have A(1) # 1.
Theorem 4.5. Let Ay, --- | A, be positive definite marices in P such that mI < A; < M1

fori=1,...,n and some scalars 0 < m < M. Then
M 2\ P
(4.7) Gam (A, -+ AP) < <%) Gam(Aq, -+ AP forall0 <p< 1.

In particular,

M 2\ P
(4.8) Gam(Ar,- A < T implies Gam(A?, -, AP) < (ﬂ) I

4Mm
forall 0 < p < 1.

Proof. By the arithmetic-geometric mean inequality and 0 < p < 1, it follows from the
Léwner-Heinz theorem and (3.3) that

p
1 < 1 < M 2\
Galm(AIf) e 7AZ> S E Z Af S (E Z Az) S (%) Galm(A17 e ’An)P
i=1 i=1

forall 0 < p < 1. U
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By using the Specht type theorem for the ALM mean, we have the following comple-
ments of the log-majorization for the ALM mean.

Theorem 4.6. Let Ay, --- , A, be positive definite matrices in P such thatml < A; < M1
fori=1,....n and some scalars 0 < m < M. Then for each 0 < g <p

1
p._1 4MIma q

K(m®, M2y [
(m7 7q> <(Mq+mq)2)

Q=

Galm(Ai o ,AP %

< H)Galm Atlla ,AZ)

M)q am (A2, ’Ap)%

po1((
< K(mf, M9 =)p
- (m7 ’q) ( 4quq

for every unitarily invariant norm ||-||, where the generalized Kantorovich constant K(m, M, p)

is defined by (4.4).

Proof. For each 0 < q < p, it follows from the arithmetic-geometric mean inequality and
(4.3) that

Q3

P

Gum(A7 - Al) < ZA‘I<KmM (ZA) by

Replacing A; by A}, we have

ESHS]
Vv
—_

Q3

Galm(All)7' aA )< K(mq Mq p ( ZA‘])

On the other hand, by (3.3) and ml < A? < M4] for i = 1,...,n we have

1 (M7 + m)?
_ q N O 7 a ..
- E Al < A Gam (A7, , A1)

=1

n

and by Lemma 4.2 that there exists a unitary matrix U such that

Igs ) o (MO me\ 2
n A <\ e A ... ANU*
(n; Z) - ( 4MaIma ) UGaim (A1, JALY«U

Therefore it follows that

2 P
P AP a pqa Py (((MI+mI) N I TAY T Je
Galm(A17 7An) S K(m 7M ) q) AMama UGalm(Ala 7An) U-.
By Lemma 4.2 again, there exists a unitary matrix V' such that

1 p.1 [ (M94m?)?
Gam Apa"'7Ap r <K q>Mq7_p RV
A8+ A% < Kt 0, By (s

and this implies the first inequality of the desired one. Replacing A; by A;' in the
inequality above and moreover taking the inverse, it follows from the self-duality of the
ALM mean that

1
)q VCam(AZ, - AT) V>

1 —1
1 po1 [((M74m2)%\« 1
mAp--- AP > | K a M2 N | —mnuouono— amAq’---’Aqq *
Gal ( 1 ) n) —< (mv ’q) ( AMama VGl ( 1 n) vV

and this implies the second inequality of the desired one. 0
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If we put ¢ — 0 in Theorem 4.6, then we have the following theorem.

Theorem 4.7. Let Ay, --- , A, be positive definite matrices in P such that ml < A; < M1
fori=1,...,n and some scalars 0 <m < M. Put h = % Then

SUP)7 ||Gaam (AT, A} || < BO(AL-+- A
< S()? || Gata (A7, -+, ALY
for all p > 0 and every unitarily invariant norm ||-||. In particular,
SUP)? || Gotn( AL+ A7 || = [O(AL - A asp—0,

where the Specht ratio S(h) is defined by (3.2).
Proof. 1t follows from K (m?, M9, g)% — S(hp)% as ¢ — 0 in [15, Theorem 2.56]. O
Remark 4.8. If we put p = 1 in Theorem 4.7, then we have Corollary 3.6.

5. COMPARISONS

In this final section, we make a comparison between the ALM mean and the Karcher
mean. Though the ALM mean does not coincide with the Karcher one in general, we
have the following estimate.

Theorem 5.1. Let Ay, --- , A, be positive definite matrices in P such that ml < A; < M1
fori=1,....,n and some scalars 0 < m < M. Then
4Mm (M + m)?
e Ge(Ar, - A < Gam(A, e A <
(M—i—m)2 k( 1) ) )_ 1 ( 1 ) AMm

Proof. The second inequality follows from the proof of (ii)==-(iii) of Theorem 4.1. For
the first inequality, we similarly have

-1
1 (M+m)? (1<,
< = PGP RSV X
Gr(A, JAR) < " g A; < m (n E A;

=1

Gk'(Ala o 7An>'

< Galm(Ah"' 7An)
m
L]

By Theorem 5.1, we have the following norm inequality.

Theorem 5.2. Let Ay, --- , A, be positive definite matrices in P such that ml < A; < M1
fori=1,....,n and some scalars 0 < m < M. Then

AMPmP  \ 7 s
(m) Gk(Aﬁ’,--- aAfz)p

< || G-+, A7

< (M mP)?
- AMPmMP

for all p > 0 and every unitarily invariant norm ||-||.

) et
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