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Abstract� A class of r�regular multiwavelets is introduced with the ap�
propriate notation and de�nitions� The oscillation properties of the mul�
tiwavelet orthonormal systems are obtained in Lemma � and Corollary
� without assuming any oscillation property on the part of the scaling
functions� The existence of r�regular multiwavelets in L��Rn� is estab�
lished in Theorem �� In Theorem �	 a particular r�regular multiresolution
analysis for multiwavelets is obtained from an r�regular multiresolution
analysis for uniwavelets� In Theorem 
	 an r�regular multiresolution
analysis of split�type multiwavelets	 which are perhaps the simplest mul�
tiwavelets	 is easily obtained by using an r�regular multiresolution anal�
ysis for uniwavelets and a ��n � ���fold regular multiresolution analysis
for uniwavelets� For some split�type multiwavelets	 the support or width
of the wavelets is shorter than the support or width of the scaling func�
tions without loss of regularity nor of vanishing moments� Examples
of split�type multiwavelets in L��R� are constructed and illustrated by
means of �gures� Symmetry and antisymmetry are preserved in the case
of in�nite support�

Keywords and phrase� multiwavelets	 multiwavelets of split type	
split wavelets	 regular multiresolution	 vanishing moments

R�sum�� On introduit une classe de multi�ondelettes r�r�guli�res� Par le
lemme � et le corollaire � on d�duit le caract�re oscillant des syst�mes or�
thonormaux de multi�ondelettes sans supposer aucun caract�re oscillant
sur les fonctions d
�chelle� Au th�or�me �	 on d�montre l
existence de
multi�ondelettes de L��Rn� r�r�guli�res� Au th�or�me �	 on obtient une
analyse multir�solution r�r�guli�re particuli�re pour multi�ondelettes �
partir d
une analyse multir�solution r�r�guli�re pour uni�ondelettes� Au
th�or�me 
	 on obtient facilement une analyse multir�solution r�r�guli�re
pour multi�ondelettes du type �s�par��	 qui sont peut��tre les multi�
ondelettes les plus simples	 au moyen d
une analyse multir�solution r�
r�guli�re pour uni�ondelettes et ��n��� analyses multir�solution r�guli�res
pour uni�ondelettes� Pour certaines multi�ondelettes du type �s�par��	 le
support ou l
�cart des ondelettes est plus faible que le support ou l
�cart
des fonctions d
�chelle sans perte de r�gularit� ni de caract�re oscillant�
On contruit des multi�ondelettes dans L��Rn� du type �s�par�� dont on
illustre le trac� dans des �gures� Cette construction pr�serve la sym�trie
et l
antisym�trie dans le cas de support in�ni�
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�� INTRODUCTION

Since wavelets are solutions of multiscale equations	 they can hardly be studied
as mathematical objects and in the applications without the use of computers� This
paper is no exception�

Multiwavelets consist of several scaling functions and wavelets� It is believed
that multiwavelets are ideally suited to multichannel signals like color images which
are two�dimensional three�channel signals and stereo audio signals which are one�
dimensional two�channel signals�

For instance	 a two�channel signal consists of a two�vector sequence fxkg of bits�
The low�pass and high�pass �lters are � � � function matrices corresponding to a
��scaling function and a ��wavelet	 respectively�

Multiscaling functions and multiwavelets can simultaneously have orthogonality	
linear phase	 symmetry and compact support� This situation cannot occur with
real uniscaling functions and real uniwavelets�

The simplest uniwavelet in L��R�� is the Haar system ��	 Section 
��� with the
indicator function of the interval ��� �� as scaling function �see Fig� � in Section ���
Alpert ��� generalized the Haar system to one�dimensional discontinuous multi�
wavelets with vanishing moments in L��R���

Using fractal interpolation	 Geronimo	 Hardin	 and Massopust �
� constructed
a real�valued one�dimensional symmetric two�scaling function with short support	
and Donavan	 Geronimo	 Hardin	 and Massopust ��� constructed a corresponding
real�valued one�dimensional two�wavelet �DGHM� with short support� Strang and
Strela used matrix methods in the time domain to construct the DGHM two�wavelet
in ���	 and a nonsymmetric pair in ����

Assuming su�ciently many vanishing moments of the scaling functions	 Ashino
and Kametani ��� introduced r�regular multiwavelets in L��Rn� and proved a gen�
eral existence theorem	 following Meyer
s general existence theorem �see	 in ���	
Theorem � of Section 
�� and Proposition � of Section 
���� Jia and Shen ��� in�
vestigated multiresolution on the basis of shift�invariant spaces	 proved a general
existence theorem and gave examples to illustrate the general theory� Using re�
sults of Lawton ��� on complex�valued �lters	 Cooklev ���� and Cooklev et al� ����
obtained one�dimensional perfect�reconstruction two��lter banks given by a pair of
analysing and synthesizing orthogonal linear�phase two�channel multiwavelet �lters�
Very recently	 Plonka ����	 Cohen	 Daubechies and Plonka ��
�	 Plonka and Strela
����	 Shen ����	 Strela ����	 and many others	 have obtained important results on
the existence	 regularity	 orthogonality and symmetry of multiwavelets�

De�nitions of �lters and �lter banks can be found	 for instance	 in ����	 ���� and
�����

In the �rst part of this paper	 general existence theorems are given� In the second
part	 split�type multiwavelets are constructed from existing uniwavelets� These are
perhaps the simplest multiwavelets�

Section � contains the notation	 de�nitions and Lemma �� Here	 the de�nition of
r�regularity	 which is based on the regularity of the multiwavelet functions	 di�ers
from the de�nition of r�regularity	 based on the number of vanishing moments of
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the multiscaling function	 used by Ashino and Kametani ���� A ��regular multireso�
lution analysis for uniwavelets	 as de�ned by Meyer ���	 will be simply called regular

multiresolution analysis for uniwavelets� Daubechies
 Theorem ����� on vanishing
moments for biorthogonal systems and Corollary ����� for orthonormal systems in
���	 pp� ��
����� are generalized to the multidimensional cases in Lemma � and
Corollary �	 respectively� Corollary � is used to de�ne a multiresolution analysis
for r�regular multiwavelets without assuming that the scaling functions have any
vanishing moments�

In Section 
	 given a multiresolution analysis as de�ned in De�nition �	 mul�
tidimensional r�regular multiwavelets can be constructed by the general existence
Theorem �� A particular construction of multiwavelets is obtained in Theorem �
by constructing an r�regular multiresolution analysis for multiwavelets from an r�
regular multiresolution analysis for uniwavelets�

In Section �	 Theorem 
 gives an easy construction of an r�regular multiresolution
analysis for split�type multiwavelets obtained by means of an r�regular multireso�
lution analysis for uniwavelets and a ��n � ���fold regular multiresolution analysis
for uniwavelets� For some split�type multiwavelets	 the support or width of the
wavelets is shorter than the support or width of the scaling functions without loss
of regularity or vanishing moments�

In Section �	 we study one�dimensional split�type multiwavelets which are shown
to be identical to the split wavelets de�ned in Daubechies ���	 Section ������ Thus	
multidimensional r�regular split�type multiwavelets constructed in Theorem 
 are
a natural higher�dimensional generalization of split wavelets� Finally	 we give ex�
amples and �gures of one�dimensional multiwavelets of split type� Symmetry and
antisymmetry are preserved in the case of in�nite support�

�� Notation� Definitions and a Lemma

In this section	 we introduce the notation and de�nitions of multidimensional
multiwavelets	 and prove Lemma � on vanishing moments of biorthogonal functions�

Notation �� The following notation will be used�

� fjk�x� is a scaled and shifted function	

fjk�x� � �nj��f��jx� k�� j � Z� k � Zn� f � L��Rn �� �����

� Fjk is a d�vector of scaled and shifted functions	

Fjk �
�
�f��jk� � � � � �fd�jk

�
� j � Z� k � Zn� F � �f�� � � � � fd� � L��Rn�d�

� R � f�� �gn is the set of �n vertices of the n�dimensional unit cube�
� E � R n f��� � � � � ��g is the set of vertices of R less the origin�
� D � f�� � � � � dg for a positive integer d�
� N � f�� �� �� � � �g is the set of natural numbers	 including zero�
� T � R����Z� � ��� ��� is the one�dimensional torus�
� �T � R���Z� � ��� ���
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� r � N throughout the paper�
� � � ���� ��� � � � � �n�	 �j � N 	 is a multi�index of nonnegative integers�
� j�j � �� � �� � � � �� �n is the length of the multi�index ��
� ��x � ���x� �

��
x� � � ���n

xn �
� m���	 with � � R

n 	 is ��Zn�periodic if it is ���periodic in each �j 	 j �
�� �� � � � � n	 that is	 m��� is a function de�ned on the n�dimensional torus
T
n �

� U�n�	 n � Nnf�g	 is the unitary group of order n	 that is	 the group of n�n
unitary matrices�

� The superscript T for �transpose� is used to denote column vectors	 like in
�u�� � � � � us�

T and �u��T����

� L��Rn �d ��
�
L��Rn�� � � � � L��Rn�

�T
and L��Tn�d ��

�
L��Tn�� � � � � L��Tn�

�T
�

A function f�x� and its Fourier transform bf��� are related by the formulae

bf��� �

Z
Rn

e�ix��f�x� dx� f�x� �
�

����n

Z
Rn

eix�� bf��� d��

Let

Br�Rn� ��

�
f�x� � Cr�Rn�� sup

x�Rn

j�j�r

j��f�x�j ��
�
�

and denote by Rr�R
n � the set of functions f in L��Rn� which satisfy the following

two conditions�

f�x� � Br�Rn�� �����

x�f�x� � L��Rn �� j�j � r� ���
�

Denote by Sr�Rn� the vector space of functions f � L��Rn � which satisfy the
following two conditions�

f ����x� �� ��x f�x� � L��Rn�� j�j � r� �����

and	 for every positive number N 	 there exists a positive number CN such that

jf ����x�j � CN �� � jxj��N � a�a� x� j�j � r� �����

Since L��Rn��L��Rn� 	 Lp�Rn�	 � � p � �	 it follows that Rr�R
n� 	 L��Rn�

for r � N � The space Sr�Rn � was introduced by Y� Meyer ��	 Section �����

De�nition �� A family f��g��E is called a �n � � family of multiwavelets	

�� �� ����� � � � � ��d� � L��Rn�d�

if
f�����jk�x� �� �nj�������

jx� k�g��E���D�j�Z�k�Zn

is an orthonormal basis of L��Rn�� The functions �����jk are called multiwavelets�

Remark �� An intuitive geometric explanation why �n�� multiwavelets are needed
is as follows� If	 after approximating Rn by the lattice Zn	 we want to approximate
it by the more re�ned lattice �

�Z
n	 then we need to add �n�� extra points for every

point in Z
n and hence �n � � extra approximating functions in L��Rn �d�



�

De�nition �� A family of multiwavelets f��g��E is said to be regular if

��� � S��Rn �� 	 � E� 
 � D�

and it is said to be r�regular if

��� � Rr�R
n� � Sr�Rn �� 	 � E� 
 � D�

We remark that ��� is r�regular in the Meyer sense if ��� � Sr�Rn �� Thus the
Haar wavelet H��x� is regular �see Fig� � in Section ���

The scalar product of the functions f and g in L��Rn� is denoted by

� f� g ���

Z
f�x�g�x�dx�

The following lemma on the number of vanishing moments of a function ef �
Rr�Rn� reduces to Theorem ����� in ����	 p� ��
	 in the one�dimensional case�

Lemma �� Suppose that f and ef are two functions such that

� fjk� efj�k� �� 
jj�
kk� � �����

with f�x� � Br�Rn�� bf��� � L�
loc�R

n�� and x� ef�x� � L��Rn� for j�j � r� Then the

following oscillation property is satis�ed�Z
x� ef�x� dx � �� for j�j � r� �����

Proof� The proof is by induction on the length j�j of the multi�index �� By �����	
for j 
� � we have

� �� f� efj��j�pk �

� �jn��
Z

f�x� ef��jx� �j�pk� dx

� ��jn��
Z

f���jy � �pk� ef�y�dy� �����

Hence	 we have Z
Rn

f���jy � �pk� ef�y�dy � �� �����

I� Suppose � � �� The assumption on f implies that the integration over Rn in
����� can be interchanged with the limit as j ��� Thus we have

f��pk�

Z ef�y� dy � ��
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Since the set f�pk� p � Z� k � Z
ng is dense in R

n and f�x� is continuous	 then

f�x�

Z ef�y� dy � �� �x � Rn �

and since f�x� 

 � we get Z ef�x� dx � ��

II� Now suppose that ����� holds for j�j � � � r� We show that it holds for j�j � ��
Applying Taylor
s Theorem to ����� we have

� �

Z
f���jy � �pk� ef�y� dy

�
X
j�j��

�

� 
f �����pk����j�j�j

Z
y� ef�y�dy

�
X
j�j��

�

� 

Z
dy

Z �

�

���jy����� 
����f �����pk � 
��jy� ef�y� d
�

Hence	 by the induction hypothesis and after division by ��j�	 this expression re�
duces to

X
j�j��

�

� 

Z
dy

Z �

�

y���� 
����f �����pk � 
��jy� ef�y�d
 � ��

Again	 letting j ��	 we have

X
j�j��

�

� 

Z
dy

Z �

�

y���� 
����f �����pk� ef�y�d
 � �

and hence X
j�j��

�

� 
f �����pk�

Z
y� ef�y� dy � ��

If we put

c� �
�

� 

Z
y� ef�y� dy�

then we can write X
j�j��

c�f
�����pk� � �� ������

As before	 ������ implies thatX
j�j��

c�f
����x� � �� �x � Rn � ������
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Taking the Fourier transform of ������	 we have

X
j�j��

c��
� !f��� � ��

If there exists � with j�j � � such that c� 
� �	 then the Lebesgue measure of the
set �

� � R
n �

X
j�j��

c��
� � �

�

is zero� Hence bf��� 
 �	 a�a� �� This contradicts the fact that f 

 � by ������ Thus
we have c� � � for all j�j � �� This means thatZ

x� ef�x� dx � �� j�j � ��

Therefore	 by induction on �	 we haveZ
x� ef�x� dx � �� j�j � r� �

Corollary �� Let � � Rr�R
n� and suppose that f�jkgj�Z�k�Zn is an orthonormal

system of L��Rn�� Then the following oscillation property is satis�ed�Z
x���x� dx � �� for j�j � r� ������

Proof� The relations ������ follow immediately from Lemma �	 with � � f � ef � �

Remark �� By Corollary �	 every r�regular multiwavelet ��� has the oscillation

property ������	 which is equivalent to b����
�� ��� � �	 for j�j � r�

A central feature of multiwavelets is their localizing property in both the x�
and ��spaces� Since the support of �����jk becomes very big as j � ��	 even if
every �����jk has compact support	 we look for appropriate bases for the spaces
spanned by f�����jkg��E���D�j�f������			g�k�Zn by considering the following sub�

spaces of L��Rn��

Notation �� For all j � Z	 let

Wj� �� Spanf�����jkg��E�k�Zn� 
 � D�

Vj� ��

j��M
k���

Wk�� 
 � D� Wj ��
M
��D

Wj�� Vj ��

j��M
k���

Wk�
����
�
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De�nition �� A column function vector � �� ���� � � � � �d�T � �V��
d is called a

multiscaling function if the family of translates f������kg��D�k�Zn is an orthonormal
basis of V�� The multiscaling function ��x� is said to be regular if each �� satis�es

�� � S��Rn�� 
 � D�

and it said to be r�regular if each �� satis�es

�� � Rr�R
n � � Sr�Rn�� 
 � D�

Remark �� In ���	 it was shown that the condition
P

��D jb�����j� � � is necessary
for the existence of an r�regular multiscaling function� Hence there exists 
 � D
such that

R
���x� dx 
� �� In the case of uniwavelets	 as stated in ��	 Section ����	

Proposition ��	

Z
��x� dx 
� � ��

Z
x���x� dx � � for � � j�j � �r � ��

by suitably changing ��x�� But	 in the case of multiwavelets	 this implication is
still open�

De�nition �� Series expansions in terms of the orthonormal basis f�����jkg��E���D�
j�N�k�Zn

� f������kg��D�k�Zn are called multiwavelet expansions�

Remark �� By De�nition �	 f�����jkg��E���D�k�Zn � f����jkg��D�k�Zn is an or�
thonormal basis of Vj�� for every j � Z�

To construct r�regular multiwavelets ���x�	 for 	 � E	 one uses the multiscaling
function ��x� given by a multiresolution analysis de�ned below�

De�nition �� An increasing sequence fVjgj�Z of closed subspaces of L��Rn�	

� � � 	 V�� 	 V�� 	 V� 	 V� 	 V� 	 � � � �

is called a multiresolution analysis if it satis�es the following four properties�

�a� �j�ZVj � f�g and �j�ZVj is dense in L��Rn��

�b� f�x� � Vj if and only if f��x� � Vj���

�c� f�x� � V� if and only if f�x� k� � V� for every k � Z
n�

�d� there exists a function vector ��x� �� ����x�� � � � � �d�x��T � �V��
d such that

f���x� k�g��D�k�Zn forms an orthonormal basis of V��

De�nition �� A multiresolution analysis fVjgj�Z is said to be regular �or r�regular�
if the multiscaling function ��x� � �V��

d appearing in part �d� of De�nition � is
regular �or r�regular��



	

�� General Existence Theorem for Multiwavelets

We have the following general existence theorem�

Theorem �� Let an r�regular multiresolution analysis fVjgj�Z of multiwavelets be

given in L��Rn �� Then there exists an r�regular family f��g��E of �n � � multi�

wavelets �� �� ����� � � � � ��d�
T � V d

� � for 	 � E�

This proof of Theorem � is based on Lemmas � and 
 and Proposition � below�

Lemma �� Let a multiresolution analysis fVjgj�Z of L��Rn � with a multiscaling

function � be given� Then there exists a d� d L��Tn��valued matrix

M���� ��
�

�m���d��d������� d
� � �� � � � � d� d�� � �� � � � � d

�
�
�

�m���d��d������
�
�d��d����D�D

� Mat
�
d� d�L��Tn�

�
such that b����� � M����b����� �
���

Proof� The proof of this lemma is simple and will be omitted�

The following notation will be needed in Lemma 
�
Let Jn � f�� �� � � � � �n � �g� Any number � � Jn can be written uniquely	 in the

base two	 in the form

� � cn������
n�� � cn������

n�� � � � �� c�����
� � c����� �
���

where each ck���	 k � �� � � � � n� �	 is either � or �� Write

�n�� �
�
cn������ cn������ � � � � c����� c����

�
� � � Jn� �
�
�

Hereafter we let f�n��g��Jn de�ne the ordering of R� We shall write �� �� � and	
for short	

��n��
� �� �

�
���

�T
��D

� L��Tn�d

for � � Jn n f�g� For

M���� ��
�
�m���d��d������

�
�d��d����D�D

� Mat
�
d� d�L��Tn�

�
with � � Jn	 de�ne �� by b������ � M����b����� �
���

Put
L��������� ��

X

�R

M���� � ���M����� � ����� ��� ��� � Jn� �
���

and
L��� ��

�
L��������

�
���������Jn�Jn

� �
���

Then L��������� is �Zn�periodic� thus

L�������� � Mat
�
d� d�L��Tn�

�
and

L��� � Mat
�
�n � �n� Mat�d� d�L��Tn��

� � Mat
�
�nd� �nd�L��Tn�

�
�






Lemma �� The sequence f������kg��Jn���D�k�Zn is an orthonormal system if and

only if

L��� � I�nd� a�a� �� �
���

Sketch of the proof of Lemma �� Put

fM��d���� ��
�
�m����d���d���� � ��n�����

�
�d��������D�Jn

� Mat
�
d� �n�L��Tn�

�
� �
���

for �� � Jn� d
� � D	 and put

fM��� ��
�fM��d����

�
����d���Jn�D

� Mat
�
�n � d� Mat�d� �n�L��Tn��

�
� �
���

Then we have fM���fM���� � L����� �
����

Let
M��� ��

�
M���� � ��n�����

�
���������Jn�Jn

� �
����

The matrix fM��� is obtained by changing the order of the columns of the matrix
M��� from the lexicographically ordered set Jn�D to the lexicographically ordered
set D � Jn� �

Using Lemma 
	 we obtain the following proposition which is the main tool in
the proof of Theorem ��

Proposition �� The family of functions f��g��Jnnf�g de�ned by the relations

b������ � M����b����� �
����

is a family of multiwavelets if and only if

M��� � U��nd�� a�a� �� �
��
�

Although the de�nitions of r�regularity in the present Theorem � and in Theo�
rem 
 of ��� are di�erent	 many details of the respective proofs are rather similar so
that we shall only sketch the proof of Theorem ��

Outline of the proof of Theorem �� Given a multiresolution analysis fVjgj�Z	 we
have M���� by Lemma �� Since the multiresolution analysis is regular	 then

M���� � Mat
�
d� d�C��Tn�

�
�

By using a di�erential geometric result ��	 Theorem ��	 we can construct a d � d
matrix M���� � Mat

�
d� d�C��Tn�

�
	 � � Jn	 which satis�es �
����� Represent the

elements of M���� by the Fourier series

M���� �

�X
k�Zn

��d�d��ke
�ik��

�
�d��d����D�D

� �
����



��

whose coe�cients	 ��d�d��k	 are rapidly decreasing as k ��� Then �
���� implies

��n���x��� �

�X
k�Zn

��d�d��k

�
�d��d����D�D

��x� k�

�

� X
k�Zn�d���D

��d�d��k�d���x� k�

�
d����			�d

� �
����

Di�erentiating �
���� under the summation sign	 we can show that every ��	 � �
Jnnf�g	 has the same regularity ����� and localization property ����� as �� One
sees	 by �����	 that condition ���
� is trivial� Hence ��� � Rr�R

n � � Sr�Rn�	 where
	 � E and 
 � D� �

In the following theorem	 we construct an r�regular multiresolution analysis for
multiwavelets from an r�regular multiresolution analysis for uniwavelets and con�
struct multiwavelets by applying Theorem ��

Theorem �� Let an r�regular multiresolution analysis feVjgj�Z of uniwavelets in

L��Rn� be given� Then there exists an r�regular family f��g��E of �n � � multi�

wavelets with d � �n�

Proof� By Theorem �	 we need only construct a multiresolution analysis fVjgj�Z of
multiwavelets in L��Rn�� Put d � �n and identify D � R� We have an r�regular

uniscaling function e� and r�regular uniwavelets e��	 	 � E� Set e�� �� e� and take
the d�dimensional function vector

� � ����
T
��D �� � e���T��R�

as an r�regular multiscaling function� De�ne

Vj �� Spanf����jkg��D�k�Zn� j � Z� �
����

Then

Vj �Spanf�e��jkgk�Zn � Spanf� e���jkg��E�k�Zn
�eVj � ����E

fWj�

�
� eVj���

Hence fVjgj�Z is an increasing sequence of closed subspaces of L��Rn� and proper�

ties �a� and �b� of De�nition � are satis�ed because feVjgj�Zhas the same properties�

Properties �c� and �d� are satis�ed by �
����� Since e�� � Rr�R
n� � Sr�Rn�	 	 � R	

it follows that fVjgj�Z is an r�regular multiresolution analysis of L��Rn� for multi�
wavelets� �

The proof of Theorem � takes the structure of the multiresolution analysis into
account�



��

�� Construction of Split�Type Multiwavelets

In this section	 we construct an r�regular multiresolution analysis of multiwavelets
with d � �n directly from an r�regular multiresolution analysis of uniwavelets and
a ��n � ���fold regular multiresolution analysis of uniwavelets� This construction
does not use the di�erential geometric Theorem � of ����

Theorem �� Let an r�regular multiresolution analysis feV �
j gj�Z and a ��n����fold

regular multiresolution analysis feV �
j gj�Z� � � Jnnf�g� of uniwavelets in L��Rn� be

given� Then there exists an r�regular family f��g��E of �n � � multiwavelets with

d � �n�

Proof� We need only construct M��� � U��nd�C��Tn��� For a given r�regular

multiresolution analysis feV �
j gj�Z of uniwavelets in L��Rn �	 denote by e�� its scaling

function and by e��
�� 	 �

� � Jnnf�g	 its wavelets� For a given regular multiresolution

analysis feV �
j gj�Z	 � � Jnnf�g	 of uniwavelets in L��Rn�	 denote by e�� its scaling

function and by e��
�� 	 �

� � Jnnf�g	 its wavelets	 and de�ne e��
� �� e��	 � � Jn� Then

there exist em�
����� � C��Tn�	 � � Jn	 �� � Jn	 such that

ce��
������ � em�

�����
ce��
����� �����

De�ne a multiscaling function by � � ����
T
��D �� � e��

���
T
���Jn

with 
 � �� � �� Then
we have

M���� �
� em�

�����
�����
�
���������Jn�Jn

� �����

where 
������ denotes the Kronecker delta� De�ne

M���� ��
�em�

�����
�����
�
���������Jn�Jn

� � � Jnnf�g� ���
�

Then every element of M���� belongs to C��Tn�� The orthonormality of the uni�
wavelet basis implies that

X

�R

em�
���� � ���em�

����� � ��� � 
������ � �� ��� ��� � Jn�

�see	 for instance	 ���	 Lemma ���� �

Remark 	� Sometimes	 for r � �	 it is advantageous to combine an r�regular mul�
tiresolution analysis of uniwavelets with a ��n����fold regular multiresolution anal�
ysis of uniwavelets �like the Haar wavelets� because	 without losing the r�regularity
and vanishing moments	 we can have multiwavelets with shorter supports or shorter
widths than those of the multiscaling functions	 as can be seen in Figs� � and 
 and
in Table ��



��

De�nition 	� An r�regular family f��g��E of �n � � multiwavelets with d � �n

constructed in Theorem 
 from an r�regular multiresolution analysis feV �
j gj�Z and

a ��n� ���fold regular multiresolution analysis feV �
j gj�Z	 � � Jnnf�g	 of uniwavelets

is said to be of split type�

By using existing r�regular uniwavelets �for instance	 those of Meyer	 Daubechies	
Battle�Lemari�	 and so on� and Theorem 
	 we can construct examples of r�regular
multiwavelets of split type� In the next section	 examples are given in the case
n � ��

�� One�Dimensional Multiwavelets of Split Type

Let n � � and d � �� � �� Then	 the construction in Theorem 
 has to be of
split type�

In the following examples of one�dimensional r�regular multiwavelets of split type	
we change notation from multiwavelets to uniwavelets�

We start by reviewing the construction of wavelets according to Daubechies �����
Given a scaling function ��x�	 there exists a ���periodic function m���� such that
the following two�scale relation

b����� � m����b����� where m���� � L��T��

holds� The wavelet ��x� is obtained from the two�scale relation

b����� � m����b����� where m���� �� �e�i�m��� � ���

The low�pass and high�pass �lters m���� and m���� are called the symbols	 or
masks	 of ��x� and ��x�	 respectively� If ��x� is compactly supported	 then m����
is a trigonometric polynomial and ��x� is compactly supported� For instance	 in
���� Tables ��� and ��
 list the coe�cients fNhkg of the symbols

Nm���� � �����
�N��X
k��

Nhke
�ik�� �����

with the length parameter N � Nnf�g depending upon the regularity parameter r�
To construct r�regular multiwavelets of split type	 we take an r�regular uniscaling

function and uniwavelet pair	 � and �	 and write

��x� �

�
���x�
���x�

	
�

�
��x�
��x�

	
�

Next we set

b����� �

� b������b������
	

� M����

� b����b����

	
� where M���� �

�
m���� �
m���� �

	
�



��

Finally	 we need only �nd a matrix M���� � Mat
�
�� ��C��T�

�
such that

�
M���� M��� � ��
M���� M��� � ��

	
� U���C��T��� �����

By the orthonormality of the uniwavelet basis	 the symbols m����	 m���� � C��T�
satisfy the relations

jm����j� � jm��� � ��j� � �� ���
�

jm����j� � jm��� � ��j� � �� �����

m����m���� � m��� � ��m��� � �� � �� �����

Thus	 ����� holds if and only if the matrix M���� is of the form

M���� �

�
� em����
� em����

	
� �����

where the functions em����	 em���� � C��T� satisfy ���
�������� Hence	 if we take the
symbols em���� and em���� of a regular scaling function e��x� and a regular wavelete��x�	 then ����� is obviously satis�ed� These multiwavelets are said to be of split
type� In this case	 we have

b����� �

� b������b������

	
� M����

� b����b����

	
�

� em����b����em����b����

	
� �����

Therefore ���x� � ������
split��x� and ���x� � ������

split��x�	 where ��
split and ��

split

are split wavelets de�ned in ���	 Section ������ Thus	 one�dimensional multiwavelets
of split type are identical with split wavelets�

Given the above analysis �lter pair M���� and M����	 it is mentioned in Cooklev
����	 p� ��
	 that perfect reconstruction is achieved by means of the synthesis �lter
pair �

m��� � �� �m��� � ��
� �

	
�

�
� �em��� � �� �em��� � ��

	
�

Remark 
� In the one�dimensional case	 wavelet packets are de�ned in ���	 Section
����� by the formula

b������			�������� �

� �Y
j��

m�j ��
��j��

	b����� �����

where	 at the jth splitting	 	j � � or � indicates the choice m� or m�� Hence wavelet
packets with ���� and ���� coincide with our multiwavelets of split type �� and ��

if em� � m� and em� � m��



��

If we take Daubechies
 symbol Nm���� as em����	 then the multiwavelets are easily
constructed by the formulas

���x� �� ����
�N��X
k��

Nhk���x� k�� �����

���x� �� ����
�N��X
k��

����k��Nhk���x � k � ��� ������

This procedure has been applied with em� and em� of Haar and Daubechies D�
wavelets �shown in Fig� �� and the results are reported below in Figs� � and 
 and
Table ��
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Figure �� Haar and Daubechies D� scaling and wavelets H�	 H�	 and

D��	 D���

The �rst column in Figs� � and 
 shows the multiscaling functions �� and ��

corresponding to Meyer
s ��regular scaling and wavelet M� and M� ���	 p� ��	
Fig� ����	 Daubechies
 D�� and D�� ���	 p� ���	 Fig� ��
�	 the coi"ets C	� and C	�
���	 p� ���	 Fig� ��
�	 and the symlets S	� and S	� ���	 p� ���	 Fig� ����	 respectively�

Coi"ets and symlets are special wavelets which are de�ned as follows� coi�ets of
order L are orthonormal wavelet bases with vanishing moments for � and �	 from
the �rst and zeroth to the �L� ��st moments	 respectively	Z

��x� dx � ��

Z
��x� dx � ��

Z
xl��x� dx � ��

Z
xl��x� dx � ��

l � �� � � � � L� ��

and symlets are the �least asymmetric� compactly supported wavelets � with max�
imum number of vanishing moments�
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Figure �� Multiscaling functions	 �� and ��	 �left� taken as Meyer
s	

M�	 M� �top half�	 or Daubechies
	 D��	 D�� �bottom half�	 uniscal�
ing functions and uniwavelets	 respectively� The corresponding mul�
tiwavelets	 �� and ��	 are produced by means of Haar
s �center� or
Daubechies
 D� �right� low�pass and high�pass �lters m���� and m����	
respectively�

The second column of these �gures shows the wavelets ��
H and ��

H constructed
from �� and �� by means of the Haar symbols

Hm���� �
�

�
�

�

�
e�i� and Hm���� �

�

�
� �

�
e�i��

Similarly	 the third column shows the wavelets ��
D� and ��

D� constructed from ��
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Figure �� Multiscaling functions	 �� and ��	 �left� taken as C�
coi"ets	 C	�	 C	� �top half�	 or S� symlets	 S	�	 S	� �bottom half�	
uniscaling functions and uniwavelets	 respectively� The corresponding
multiwavelets	 �� and ��	 are produced by means of Haar
s �center� or
Daubechies
 D� �right� low�pass and high�pass �lters m���� and m����	
respectively�

and �� by means of Daubechies
 D� symbols with coe�cients

� �
p
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If we let

xav ��
�

kfk�

Z �

��

xjf�x�j� dx

denote the average	 or center	 of a function f � L��R�	 then the width	 or diameter	
of f is measured by the integral

�f ��
�

kfk�

�Z �

��

�x� xav��jf�x�j� dx
	���

�

The width of split multiwavelets of Meyer type	 and the length of the support of
multiwavelets of Daubechies	 coi"et and symlet types are listed in Table �� In these
cases	 it is seen that the multiscaling functions �� and �� have longer support than
the corresponding multiwavelets �� and ���

Table �� Widths and support lengths of
multiscaling functions and multiwavelets

of Meyer type and Daubechies D
	
coi"et C� and symlet S� types	

respectively	 obtained by means of
Haar
s and Daubechies
 D� �lters�

Meyer type M� M� M�
�

H M�
�

H M�
�

D� M�
�

D�

Width ���	� ����� ���	� ���	� ����� �����

Daubechies D� type D�� D�� D��
�

H D��
�

H D��
�

D� D��
�

D�

Support length � � � � � �

Coi�et C� type C�� C�� C��
�

H C��
�

H C��
�

D� C��
�

D�

Support length �� �� 
 
 �� ��

Symlet S� type S�� S�� S��
�

H S��
�

H S��
�

D� S��
�

D�

Support length �� �� � � � �
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